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1 Introduction
Let X be a smooth projective variety and let KX be the canonical bundle
of X. The graded ring :
R(X,KX) := ⊕∞m=0H0(X,OX (mKX))
is called the canonical ring of X. R(X,KX ) is a birational invariant of X. It
is conjectured that for every smooth projective variety X, R(X,KX) finitely
generated. The purpose of this article is to give the following partial answer
to the conjecture.
Theorem 1.1 Let X be a smooth projective varieity of general type defined
over complex numbers.
Then the canonical ring R(X,KX) is finitely generated.
This theorem has already been known in the case of dimX ≤ 3([13, 12]).
Y. Kawamata pointed that the existence of a Zariski decomposition of
KX implies the finite generation of R(X,KX) ([9]). This is our starting point
of the proof of Theorem 1.1. In this case the finite generation is equivalent
to the stable base point freeness of the nef part of the Zariski decomposition.
In this case the nef part is not ample in general. Hence to prove the stable
base point freeness we need to use some additional positivity. One of the
important observation in [9] is the fact that on the stable fixed component
of KX , we may use the positivity coming from the conormal bundle of it. In
[9], using a variant of Shokurov’s nonvanishing theorem ([16], see Theorem
2
4.5 below), he proved the finite generation of canonical rings of smooth
projective varieties of general type by Noetherian induction under the
assumption that there exists a Zariski decomposition of KX . The main
difficulty to prove the finite generation lies in such delicate semipositivity.
The proof of Theorem 1.1 consists of the following five steps.
1. construct an AZD h of KX to distinguish the positive part of KX ,
2. construct the nontrivial numerically trivial fibration associated with
(KX , h) by the first nonvanishing theorem (Theorem 4.1) on every
stable fixed components,
3. find an effective R-divisor on a very general fiber of the numerically
trivial fibration by using the structure theorem for numerically trivial
singular hermitian line bundles (cf. Theorem 4.3).
4. construct the formal canonical model and prove the virtual base
point freeness (cf. Definition 6.1) of R(X,KX), using the second
nonvanishing theorem (Theorem 4.4),
5. prove finite generation of R(X,KX) by showing that the formal canon-
ical model is a projective variety and is the canonical model of X.
Let us briefly explain each steps.
Step 1. An AZD h of KX is a singular hermitian metric such that the
curvature Θh is semipositive and
H0(X,OX (mKX)⊗ I(hm)) ≃ H0(X,OX (mKX))
holds for every m ≥ 0. The AZD h exists (more generally for any pseu-
doeffective line bundle) by [18, 19, 6]. The singular hermitian line bundle
(KX , h) is considered as an analogue of the nef part of a Zariski decompo-
sition.
Step 2. In general Θh is not strictly positive. (KX , h) has only weak
positivity on every stable fixed components. This is one of the main diffi-
culty of the proof. To distinguish the null direction of (KX , h) on every
stable fixed component, we construct the nontrivial numerically trivial
fibrations (cf. Theorem 4.2) associated with (KX , h). Here the essential
ingredient is the first nonvanishing theorem (Theorem 4.1) which is a
generalization of Shokurov’s nonvanishing theorem ([16]).
Step 3. On a very general fiber of the above numerically trivial fibration, by
the structure theorem for numerically trivial singular hermitian line bundles
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(cf. Theorem 4.3), we may distinguish a sum of at most countably many
prime divisors with nonnegative coefficients. In the next step, the number
of the positive coefficients turns out to be finite.
Step 4. Taking a successive resolution of Bs | m!KX | (m ≥ 1) , and iden-
tifying the fiber of the numerically trivial fibrations to a point, we costruct
a formal canonical model Xˆcan. At this stage Xˆcan is only a set. But we
may consider (KX , h) as a numerically positive “R-line bundle ” on Xˆcan.
Using effective base point freeness argument as in [1] and the second non-
vanishing theorem(Theorem 4.4), we may prove the virtual base point
freeness of R(X,KX ). The advantage of this argument is that we can
specify a point where we want to prove the stably base point free-
ness of (KX , h) on Xˆcan. Hence we do not need to use the Noetherian
induction argument as in [9]. This is the effect of the fact that we may
consider (KX , h) to be numerically positive on Xˆcan.
Step 5. The last step is to prove that Xˆcan is actually the canonical model
of X. To prove this we use a topological argument using the virtual base
point freensess of R(X,KX ).
We may prove Theorem 1.1 without using singular hermitian metrics. In
this sense our proof is essentially algebraic. Although for the better
presentation I decided to present the proof in the complex analytic lan-
guage, one may easily transcript the proof in algebro-geometric language.
In fact the transcription follows from the fact that one can approximate any
plurisubharmonic functions by plurisubharmonic functions with algebraic
singularities ([6, Section 3]).
In this paper “very general” means outside of at most countably many
union of proper Zarski closed subsets and “general” means in the sense of
usual Zariski topology.
2 Multiplier ideal sheaves
In this section, we shall review the basic definitions and properties of mul-
tiplier ideal sheaves.
2.1 Multiplier ideal sheaves
Definition 2.1 Let L be a line bundle on a complex manifoldM . A singular
hermitian metric h on L is given by
h = e−ϕ · h0,
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where h0 is a C
∞-hermitian metric on L and ϕ ∈ L1loc(M) is an arbitrary
function on M . We call ϕ a weight function of h.
The curvature current Θh of the singular hermitian line bundle (L, h) is
defined by
Θh := Θh0 +
√−1∂∂¯ϕ,
where ∂∂¯ is taken in the sense of a current. The L2-sheaf L2(L, h) of the
singular hermitian line bundle (L, h) is defined by
L2(L, h) := {σ ∈ Γ(U,OM (L)) | h(σ, σ) ∈ L1loc(U)},
where U runs open subsets of M . In this case there exists an ideal sheaf
I(h) such that
L2(L, h) = OM (L)⊗ I(h)
holds. We call I(h) the multiplier ideal sheaf of (L, h). If we write h as
h = e−ϕ · h0,
where h0 is a C
∞ hermitian metric on L and ϕ ∈ L1loc(M) is the weight
function, we see that
I(h) = L2(OM , e−ϕ)
holds.
If {σi} are finite number of global holomorphic sections of a line bundle
L, for every positive rational number α and a C∞-function φ
h := e−φ · 1
(
∑
i | σi |2)α
defines a singular hermitian metric on the Q-line bundle αL. Here | σi |2 is
defined by
| σi |2= h0(σi, σi)
h0
,
where h0 is an arbitrary C
∞-hermitian metric on L (the righthandside is in-
dependent of the choice of h0). We call such a metric h a singular hermitian
metric on αL with algebraic singularities. Singular hermitian metrics
with algebraic singularities is particulary easy to handle, because its multi-
plier ideal sheaf or that of the multiple of the metric can be controlled by
taking suitable successive blowing ups such that the total transform of the
divisor
∑
i(σi) is a divisor with normal crossings.
Let D be an effective R-divisor on M and let∑
i
aiDi
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be the irreducible decomposition of D. Let σi be a global section of OM (Di)
with divisor Di. Then
h =
1∏
i | σi |2ai
is a singular hermitian metric on the R-line bundle OM (D). We define the
multiplier sheaf I(D) associated with D by
I(D) = I(h) = L2(OX , 1∏
i ‖ σi ‖2ai
),
where ‖ σi ‖ is the hermitian norm of σi with respect to a C∞-hermitian
metric on OM (Di).
If SuppD is a divisor with normal crossings,
I(D) = OM (−[D])
holds, where [D] :=
∑
i[ai]Di (for a real number a, [a] denotes the largest
integer smaller than or equal to a).
2.2 Nadel’s vanishing theorem
The following vanishing theorem plays a central role in this paper.
Theorem 2.1 (Nadel’s vanishing theorem [14, p.561]) Let (L, h) be a sin-
gular hermitian line bundle on a compact Ka¨hler manifold M and let ω be
a Ka¨hler form on M . Suppose that Θh is strictly positive, i.e. there exists
a positive constant ε such that
Θh ≥ εω
holds. Then I(h) is a coherent sheaf of OM ideal and for every q ≥ 1
Hq(M,OM (KM + L)⊗ I(h)) = 0
holds.
Remark 2.1 The word “a closed positive (1, 1) current” does not mean a
closed strictly positive current. For example the 0-current is closed positive.
This terminology might be misleading for algebraic geometers.
By the definition of a multiplier ideal sheaf we have the following lemma
which will be used later.
Lemma 2.1 Let (L, h) be a singular hermitian line bundle on a complex
manifold M . Let f : N −→ M be a modification. Then (f∗L, f∗h) is a
singular hermitian line bundle on N and
f∗I(f∗h) ⊆ I(h)
holds.
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2.3 Lelong numbers and structure of closed positive (1, 1)-
currents
A closed positive (1, 1)-current is considered as a (1, 1)-form whose coef-
ficients are distributions. Hence by the Lebesugue decomposition of the
coefficients, every closed positive (1, 1)-current T on a complex manifold M
is uniquely decomposed as :
T = Tabc + Tsing,
where Tabc denotes the absolutely continuous part and Tsing denotes the
singular part. We call this decomposition the Lebesgue decomposition
of T . It is important to note that Tabc and Tsing are not closed in general.
To measure the magnitude of the singular part, the following definition is
fundamental.
Definition 2.2 Let T be a closed positive (1, 1)-current on a a unit open
polydisk ∆n with center O. Then by ∂∂¯-Poincare´ lemma there exists a
plurisubharmonic function ϕ on ∆n such that
T =
√−1
π
∂∂¯ϕ.
We define the Lelong number ν(T,O) at O by
ν(T,O) = lim inf
x→O
ϕ(x)
log | x | ,
where | x |= (∑ | xi |2)1/2. It is easy to see that ν(T,O) is independent of
the choice of ϕ and local coordinates around O. For an analytic subset V of
a complex manifold X, we set
ν(T, V ) = inf
x∈V
ν(T, x).
Remark 2.2 More generally the Lelong number is defined for a closed pos-
itive (k, k)-current on a complex manifold.
Let us consider a singular hermitian metric on the trivial bundle with alge-
braic singularities
h = (
k∑
i=1
| fi |2)−1(fi ∈ O(∆n))
on ∆n. Then we see that Θh is positive and for every x ∈ ∆n.
ν(Θh, x) = 2min
i
multx(fi)
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holds, where (fi) denotes the divisor of fi for every i. This implies that for a
singular hermitian metric with algebraic singularities, the Lelong number of
the curvature is essentially the infimum of the vanishing order of the defining
(multi)sections.
In this paper we only deal with singular hermitian metrics which is a
limit of singular hermitian metrics with algebraic singularities. Hence in
this paper we may consider that the Lelong number is nothing but the
limit vanishing order of (multi)sections in an obvious manner.
The following theorem is fundamental.
Theorem 2.2 ([17, p.53, Main Theorem]) Let T be a closed positive (k, k)-
current on a complex manifold M . Then for every c > 0
{x ∈M | ν(T, x) ≥ c}
is a subvariety of codimension ≥ k in M .
Let (L, h) be a singular hermitian line bundle on a smooth projective variety
X such that Θh is a positive current. The following lemma shows a rough
relationship between the Lelong number of ν(Θh, x) at x ∈ X and the stalk
of the multiplier ideal sheaf I(h)x at x.
Lemma 2.2 ([2, p.284, Lemma 7][3],[17, p.85, Lemma 5.3]) Let ϕ be a
plurisubharmonic function on the open unit polydisk ∆n in Cn with center
O. Suppose that e−ϕ is not locally integrable around O. Then we have that
ν(
√−1∂∂¯ϕ,O) ≥ 2
holds. And if
ν(
√−1∂∂¯ϕ,O) > 2n
holds, then e−ϕ is not locally integrable around O.
Let T be a closed positive (1, 1)-current on a complex manifold X. Let
U = {Uα} be an open covering of X such that for every α there exists a
plurisubharmonic function ϕα such that
T | Uα =
√−1∂∂¯ϕα
holds. We define the singular set SingT by
SingT ∩ Uα = {x ∈ Uα | ϕα(x) = −∞}.
SingT is well defined and independent of the choice of {Uα} and {ϕα}. Let
Y be a complex manifold and let f : Y −→ X be a holomorphic map such
that
f(Y ) 6 ⊆SingT.
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Then the pullback f∗T is defined by
f∗ | f−1(Uα) =
√−1∂∂¯(f∗ϕα).
If Y is a submanifold of X and f is the canonical immersion, then we denote
f∗T by T |Y and call it the restriction of T to Y . To compute the Lelong
number the following lemma is useful.
Lemma 2.3 ([17]) Let T be a closed positive (1, 1)-current on the open unit
polydisk ∆n with center O. Let us parametrize the lines passing through O
by Pn−1 in the standard way. Then there exists a set E of measure 0 in
Pn−1 such that for every [L] ∈ Pn−1 − E, T |L∩∆n is well defined and
ν(T,O) = ν(T |L∩∆n , O)
holds.
The next corollary is analogous to the corresponding fact about multiplicities
of divisors.
Corollary 2.1 Let M be a complex manifold and let T be a closed positive
(1, 1)-current onM . Let f : N −→M be a composition of successive blowing
ups with smooth centers. Then for every x ∈M and y ∈ f−1(x),
ν(f∗T, y) ≥ ν(T, x)
holds.
3 Analytic Zariski decomposition
In this section we shall introduce the notion of analytic Zariski decomopo-
sitions which play essential roles in this paper. By using analytic Zariski
decompositions, we can handle a big line bundles as if it were a nef and big
line bundles.
3.1 Definition of AZD
Definition 3.1 Let M be a compact complex manifold and let L be a line
bundle on M . A singular hermitian metric h on L is said to be an analytic
Zariski decomposition (AZD), if the followings hold.
1. Θh is a closed positive current,
2. for every m ≥ 0, the natural inclusion
H0(M,OM (mL)⊗ I(hm))→ H0(M,OM (mL))
is an isomorphim.
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Remark 3.1 If an AZD exists on a line bundle L on a smooth projective
variety M , L is pseudoeffective by the condition 1 above.
As for the existence the following theorems are known.
Theorem 3.1 ([18, 19]) Let L be a big line bundle on a smooth projective
variety M . Then L has an AZD.
More generally the existence for general pseudoeffective line bundles, now
we have the following theorem.
Theorem 3.2 ([7], cf. [22, Theorem 2.4]) Let X be a smooth projective
variety and let L be a pseudoeffective line bundle on X. Then L has an
AZD.
3.2 An explicit construction of AZD
In the case of big line bundles, we have an explicit construction of an AZD
([18]). Here we shall review the construction.
Definition 3.2 Let (L, h) be a line bundle on a compact Ka¨hler manifold
(X,ω). Let {φ0, . . . , φN(m)} be an orthonormal basis of Γ(X,OX (mL)) with
respect to the L2-inner product
(φ, φ′) :=
∫
X
hmφ · φ¯′ω
n
n!
(φ, φ′ ∈ Γ(X,OX(mL))).
We define the m-th Bergman kernel Km(z, w) of (L, h) by
Km(z, w) :=
N(m)∑
i=0
φi(z)φ¯i(w).
Then it is trivial to see that Km(z, w) is independent of the choice of the
orthonormal basis. For simplicity we denote the restriction of Km(z, w) to
the diagonal of X ×X by Km.
Theorem 3.3 ([18]) Let L be a big line bundle on a compact Ka¨hler man-
ifold (X,ω). Let h0 be a C
∞-hermitian metric on L. Let Km(z, w) be the
m-the Bergman kernel of (L, h0). Then
h := (limm→∞ m
√
Km)
−1
is an AZD of L.
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The reason why we presented this explicit construction is to show that the
AZD is a limit of singular hermitian metrics {hm} with algebraic
singularities on L defined by
hm := 1/
m
√
Km.
The Lelong number of Θh is considered as a limit of the Lelong number of
Θhm which is nothing but
m−1multBs | mL | .
Hence for every x ∈ X
ν(Θh, x) = limm→∞m−1multxBs | mL |
holds, where multxBs | mL | denotes the multiplicity of the general member
of | mL | at x. Hence ν(Θh, x)(x ∈ X) is essentially an algebro-geometric
number.
3.3 Some properties of AZD
Let (L, h) be a singular hermitian line bundle on a smooth projective variety
X. We denote the linear system | H0(X,OX (mL)⊗I(hm)) | by | m(L, h) |.
Theorem 3.4 Let L be a big line bundle on a smooth projective variety X
and let h be an AZD of L. Then there exists a positive constant C such that
0 ≤ multxBs | m(L, h) | −m · ν(Θh, x) ≤ C
holds for every m and x ∈ X.
Proof. The first inequality is trivial by the definition of an AZD and the
fact that R(X,L) is a ring. In fact by Lemma 2.2 we see that
multxBs | m(L, h) |≥ m · ν(Θh, x)− n
holds. Since h is an AZD of L, | m(L, h) |=| mL | holds for every m ≥ 0.
Hence for every σ ∈ Γ(X,OX (mL))− {0} and a positive integer ℓ,
ℓ ·multx(σ) = multx(σℓ) ≥ ℓm · ν(Θh, x)
holds. Dividing both sides by ℓ and letting ℓ tend to infinity, we see that
multx(σ) ≥ m · ν(Θh, x)
holds.
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Nest we shall verify the second inequality. Let x be a point on X. Let
π : X˜ −→ X be the blowing up of X at x. Since L is big, by Kodaira’s
lemma (cf. [11, Appendix]) there exists an effective Q-divisor E such that
π∗L− E is ample. Let r be a sufficiently large posiive integer such that
H := r(π∗L− E)
is Cartier and H − KX˜ is ample. Let x˜ be a very general point on the
exceptional divisor π−1(x). Then by Theorem 2.2 and Lemma 2.2 we may
assume that for every m ≥ 0 the multiplier ideal sheaf I(π∗hm) is locally
free on a neighbourhood of x˜ (the neighbourhood may depend on m). Let U
be a small neighbourhood of x˜ and let ρ be a C∞-function on X˜ such that
1. Suppρ ⊂⊂ U ,
2. ρ ≡ 1 on a neighbourhood of x˜,
3. 0 ≤ ρ ≤ 1
hold. Let dx˜ denote the distance function from x˜ with respect to a fixed
Ka¨hler metric on X˜. If we take r sufficiently large we may assume that
there exists a C∞ hermitian metric h˜ on H −KX˜ such that
Θh˜ + 2n
√−1∂∂¯ log(ρ · dx˜)
is strictly positive on X˜. Then by Nadel’s vanishing theorem we see that
H0(X˜,OX˜(H+π∗(mL))⊗I(π∗hm))→ OX˜(H+π∗(mL))⊗I(π∗hm)⊗OX˜/Mx˜
is surjective for every m ≥ 0, whereMx˜ denotes the maximal ideal sheaf at
x˜. Since h is an AZD of L, we see that there exists a canonical injection
H0(X˜,OX˜ (H + π∗(mL))⊗ I(π∗hm)) →֒ π∗H0(X,OX(mL)).
Since
π∗(OX˜ (KX˜ +mL)⊗ I(π∗hm)) = OX(KX +mL)⊗ I(hm)
holds by the definition of multiplier ideal sheaves, we see that
I(hm)⊗Mnx ⊂ π∗I(π∗hm)
holds for every m. Hence by the above argument, there exists a positive
constant C such that
multxBs | m(L, h) | −m · ν(Θh, x) ≤ C
holds for every m. It is easy to see that C can be taken independent of
x ∈ X. This completes the proof of Theorem 3.4. Q.E.D
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Corollary 3.1 Let P be a nef and big line bundle on a smooth projective
variety X, then there exists a singular hermitian metric hP on P such that
ΘhP is a closed positive current on X and ν(ΘhP ) is identically 0 on X.
We shall discuss about the uniqueness of the multiplier ideal sheaves
associated with an AZD. First we introduce the following teminology.
Definition 3.3 Let hL be a singular hermitian metric on a line bundle L
on a complex manifold X. Suppose that the curvature of hL is a positive
current on X. We set
I¯(hL) := lim
ε↓0
I(h1+εL )
and call it the closure of I(hL).
Let us explain the reason why we take the closure. Let hL be a singular
hermitian metric on a line bundle L on a complex manifold X with positive
curvature current. Then I¯(hL) is coherent ideal sheaf on X by Theorem
2.1. Let f : Y −→ X be a modification such that f∗I¯(hL) is locally free.
If we take f properly, we may assume that there exists a divisor F =
∑
Fi
with normal crossings on Y such that
KY = f
∗KX +
∑
aiFi
and
f∗I¯(hL) = OY (−
∑
biFi)
hold on Y for some nonnegative integers {ai} and {bi}. Then by Lemma
2.2,
bi = [ν(f
∗ΘhL , Fi)− ai]
holds for every i. In this way I¯(hL) is determined by the Lelong numbers
of the curvature current on some modification. This is not the case, unless
we take the closure as in the following example.
Example 1 Let hP be a singular hemritian metric on the trivial line bundle
on C defined by
hP =
1
| z |2 (log | z |)2 .
Then ν(ΘhP , 0) = 1 holds. But I(hP ) = OC holds. On the other hand
I¯(hP ) =M0 holds.
Remark 3.2 Theorem 2.1 still holds, even if we replace the multiplier ideal
by its closure. This can be verified as follows. Let X be a compact Ka¨hler
manifold and let (L, hL) be a singular hermitian line bundle on X with
strictly positive curvature. Let h∞ be a C∞-hermitian metric on L. Then
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h1+εL · h−ε∞ has strictly positive curvature for every sufficiently small positive
number ε. By Theorem 2.1, we see that
Hq(X,OX (KX + L)⊗ I(h1+εL )) = 0
holds for every q ≥ 1 and every sufficiently small positive number ε. Letting
ε ↓ 0 we obtain that
Hq(X,OX (KX + L)⊗ I¯(hL)) = 0
holds for every q ≥ 1.
Now we shall prove the following uniqueness theorem for the multiplier ideal
sheaves associated with an AZD.
Proposition 3.1 Let L be a big line bundle on a smooth projective variety
X. Let h be an AZD of L. For any positive integer m, I¯(hm) is independent
of the choice of the AZD h.
Proof of Proposition 3.1 Let L,h be as above. By Theorem 3.4, for any
modification
f : Y −→ X
and y ∈ Y , we see that
ν(f∗Θh, y) = lim
m→∞m
−1multyf∗Bs | mL |
holds. This implies that for any positive integer m I¯(hm) is independent of
the choice of h. Q.E.D.
Definition 3.4 Let L be a pseudoeffective line bundle on a smooth projec-
tive variety X and let h be a singular hermitian metric on L with positive
curvature current. Let x be a point on X. | m(L, h) | is said to be base point
free at x, if
multxBs | m(L, h) |= m · ν(Θh, x)
holds.
Let h be an AZD on a big line bundle L on a smooth projective variety X.
Then by Theorem 3.4, we see that (L, h) is asymptotically base point
free in the context of Definition 3.4.
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3.4 Volume of subvarieties
Let L be a big line bundle on a smooth projective variety X. To measure the
total positivity of L on a subvariety of X. We define the following notion.
Definition 3.5 ([20]) Let L be a big line bundle on a smooth projective
variety X and let h be an AZD of L. Let Y be a subvariety of X of dimension
r. We define the volume µ(Y,L) of Y with respect to L by
µ(Y,L) := r! · limm→∞m−r dimH0(Y,OY (mL)⊗ I(hm)/tor),
where tor denotes the torsion part of OY (mL)⊗ I(hm).
Remark 3.3 If we define µ(Y,L) by
µ(Y,L) := r! · limm→∞m−r dimH0(Y,OY (mL))
then it is totally different unless Y = X. The above definition is meaningful
when OY (mL) ⊗ I(hm) is generically rank one for m >> 1. Otherwise
µ(Y,L) may be infinity. If µ(Y,L) is finite, by Proposition 3.1, it is easy
to see that µ(Y,L) is independent of the choice of the AZD h. In fact if
µ(Y,L) > 0, then there exists a positive integer m0 and an effective divisor
E on Y so that for every nonnegative integer m,the natural injection
OY ((m+m0)L− E)⊗ I(hm+m0)→ OY (mL)⊗ I(hm)
exists.
If L is a nef and big line bundle on a smooth projective variety, then by
Corollary 3.1 and Lemma 2.2, for every subvariety Y in X,
µ(Y,L) = LdimY · Y
holds. For a general singular hermitian line bundle with positive curvature,
we define the volume as follows.
Definition 3.6 L be a pseudoeffective line bundle on a smooth projective
variety X and let h be a singular hermitian metric on X such that Θh is a
closed positive current. Let Y be a subvariety of X. We define the volume
µ(Y, (L, h)) of Y with respect to (L, h) by
µ(Y, (L, h)) := (dimY )! · limm→∞m−dimY dimH0(Y,OY (mL)⊗I(hm)/tor).
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3.5 Intersection theory for singular hermitian line bundles
In this subsection we review the definition an intersection number for a sin-
gular hermitian line bundle with positive curvature current on a smooth
projective variety and an irreducible curve on it (cf. [22]). This intersection
number is different from the usual intersection number of the underlying
line bundle and the curve. The new intersection number measures the in-
tersection of the positive part of the singular hermitian line bundle and
the curve. Next we shall consider the restriction of singular hermitan line
bundles to subvarieties.
Definition 3.7 Let L be a line bundle on a complex manifold M . Let h be
a singular hermitian metric on L given by
h = e−ϕ · h0,
where h0 is a C
∞-hermitian metric on L and ϕ ∈ L1loc(M). Suppose that the
curvature current Θh is bounded from below by some C
∞-(1,1)-form. For a
subvariety V of M , we say that the restriction h |V is well defined, if ϕ is
not identically −∞ on V .
Let (L, h),h0,V , ϕ be as in Definition 3.7. Then ϕ is an almost plurisub-
harmonic function i.e. locally a sum of a plurisubharmonic function and
C∞-function. Let π : V˜ −→ V be an arbitrary resolution of V . Then
π∗(ϕ |V ) is locally integrable on V˜ , since ϕ is almost plurisubharmonic.
Hence
π∗(Θh |V ) := Θπ∗h0|V +
√−1∂∂¯π∗(ϕ |V )
is well defined. We shall define the intersection number for a singular her-
mitian metric with positive curvature current and an irreducible curve such
that the restriction of the singular hermitian metric is well defined.
Definition 3.8 Let (L, h) be a singular hermitian lien bundle on a smooth
projective variety X such that the curvature current Θh is closed positive.
Let C be an irreducible curve on X such that h |C is well defined. The
intersection number (L, h) · C is defined by
(L, h) · C := limm→∞m−1 dimH0(C,OC(mL)⊗ I(hm)/tor),
where tor denotes the torsion part of OC(mL)⊗ I(hm).
Let (L, h),C be as above. Let
π : C˜ −→ C
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be the normalization of C. We define the multiplier ideal sheaf
I(hm |C)(m ≥ 0) on C by
I(hm |C) := π∗I(π∗hm |C).
And the Lelong number ν(Θh |C , x)(x ∈ C) by
ν(Θh, x) =
∑
x˜∈π−1(x)
ν(π∗Θh |C , x˜).
Lemma 3.1 ([22, Lemma 2.4]) Let (L, h) be a singular hermitian line bun-
dle on a smooth projective variety X such that Θh is closed positive. Let C
be an irreducible curve on X such that h |C is well defined. Suppose that
(L, h) · C = 0 holds. Then
Θh |C=
∑
x∈C
ν(Θh |C , x)x
holds in the sense that
π∗(Θh |C) =
∑
x˜∈C
ν(π∗Θh |C , x˜)x˜
holds.
Definition 3.9 Let (L, h) be a singular hermitian line bundle on a smooth
projective variety X such that Θh is positive. (L, h) is said to be numerically
trivial, if for every irreducible curve C on X such that h |C is well defined,
(L, h) · C = 0
holds.
3.6 Restriction of the intersection theory to divisors
In the previous subsection we define an intersection number of a singular
hemitian line bundle with positive curvature and an irreducible curve on
which the restriction of the singular hermitian metric is well defined. In this
subsection, we shall extend the definition of the intersection number.
Let (L, h) be a singular hermitian line bundle on a smooth projective
variety X such that Θh is positive.
Let D be a smooth divisor on X. We set
vm(D) := multDSpec(OX/I(hm))
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and
I˜D(hm) := OD(vm(D)D)⊗ I(hm).
Then I˜D(hm) is an ideal sheaf on D, since OD(mL) ⊗ I(hm) is a subsheaf
of the locally free sheaf OD(mL− vm(D)D) on the smooth variety D. We
define the ideal sheaf m
√
I˜D(hm) on D by
m
√
I˜D(hm)x := ∪I( 1
m
(σ))x(x ∈ D),
where σ runs all the germs of I˜D(hm)x. And we set
ID(h) := ∩m≥1 m
√
I˜D(hm)
and call it the multipler ideal sheaf of h on D. Also we set
I¯D(h) := lim
ε↓0
ID(h1+ε).
If h |D is well defined, then
I¯D(h) = I¯(h |D)
holds ([22, Theorem 2.8]). For every irreducible curve C on D, we say that
the intersection number (L, h) · C is well defined, if ν(Θh, x) = ν(Θh,D)
holds for a very general point x on C. In this case ID(hm) |C is an ideal
sheaf on C.
We define the intersection number (L, h) · C by
(L, h) · C := limm→∞m−1 dimH0(C,OC (mL− vm(D)D)⊗ I˜D(hm)/tor).
Then we see that
(L, h) · C = (L− ν(Θh,D)D) · C + limm→∞m−1 deg I˜D(hm)
holds.
We can also define the volume of r-dimensional subvariety Y of D with
respect to (L, h) by using I˜D(hm) as
µ(Y, (L, h)) := r!·limm→∞m−r dimH0(Y,OY (mL−vm(D)D)⊗I˜D(hm)/tor).
But this coincides the definition before as is easily be seen.
We may define the Lelong number νD(Θh, x)(x ∈ D) by
νD(Θh, x) := limm→∞m−1multxSpec(OD/I˜D(hm)),
where multx denotes the multiplicity on D. Then we see that the set
SD := {x ∈ D | νD(Θh, x) > 0}
is at most countable union of subvarieties on D. This follows from the
approximation theorem [6, p.380,Proposition 3.7]. Also this is obvious, if h
is an AZD constructed as in Section 3.2.
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3.7 Another definition of the intersection number
Let (L, h) be a singular hermitian line bundle on a smooth projective variety
X such that Θh is positive. And let C be an irreducible curve on X such that
the restriction h |C is well defined. The another candidate of the intersection
number of (L, h) and C is :
(L, h) ∗ C := L · C −
∑
x∈C
ν(Θh |C , x).
But we have the following theorem.
Theorem 3.5 ([22, Theorem 2.7])
(L, h) · C = (L, h) ∗ C
holds.
3.8 Limit multiplicities
Let (L, h) be a singular hermitian line bundle on a smooth projective variety
X. Suppose that Θh is strictly positive. In this subsection, we shall consider
the behavior of
multxBs | m(L, h) |
as m goes to infinity. We shall prove the following theorem.
Theorem 3.6 Let (L, h) be a singular hermitian line bundle on a smooth
projective variety X. Suppose that Θh is strictly positive. Let x0 ∈ X be a
point such that ν(Θh, x0) = 0. Let c be a positive number such that
c < µ(X, (L, h)).
Then for every x ∈ X
ν(x) := lim
m→∞m
−1multxBs | m(L, h)⊗M[cm]x0 |
exists, where | m(L, h) ⊗M[cm]x0 | denotes
| H0(X,OX (mL)⊗ I(hm)⊗M[cm]x0 ) | .
Moreover for any modification
f : Y −→ X
and y ∈ Y ,
ν(y) := lim
m→∞m
−1multyf∗Bs | m(L, h) ⊗M[cm]x0 |
exists.
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Proof of Theorem 3.6. For x ∈ X we set
ν¯(x) := limm→∞m−1multxBs | m(L, h)⊗M[cm]x0 | .
We claim that for any ǫ > 0 and x ∈ X, there exists a positive integer m(ǫ)
such that for every m ≥ m(ǫ)
multxBs | m(L, h) ⊗M[cm]x0 |≥ (1− ǫ)ν¯(x)m
holds.
Let δ be a small poitive number such that
µ(X, (L, h)) > c+ δ
and c+ δ is a rational number. Let us fix x ∈ X. Let
π : X˜ −→ X
be the blowing up at {x, x0}. We set
E := π−1(x)
and
E0 := π
−1(x0).
We shall prove the following lemma.
Lemma 3.2 There exists a singular hermitian metric h˜δ on π
∗L such that
1. π∗I¯(hmδ ) ⊆ I(hm)⊗M
[(c+ 1
2
δ)m]
x0 holds for every sufficiently large m,
2. Θhδ is strictly positive on X˜.
Proof. Let H be a very ample divisor on X˜ and let hH be a C
∞-hermtian
metric on H with strictly positive curvature. Let εH be a sufficiently small
positive rational number such that
µ(X˜, (L− εHH,h · h−εHH )) > 0
holds. For every sufficiently large ℓ, let
σ˜ℓ ∈ H0(X˜,OX˜ (ℓ!(π∗L− εHH − (c+ δ)E0)⊗ π∗I(hℓ!))
be a nontrivial section and set
h˜ℓ =
1
| σ˜ℓ |2/ℓ!
.
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Since for every sufficiently large ℓ, Θhℓ is a closed positive current which
represents 2πc1(π
∗L−εHH), we may assume that there exists a subsequence
{Θhℓj } of {Θhℓ} such that
Θ∞ := lim
j→∞
Θh˜ℓj
exists as a closed positive current. Let h˜ be a singular hermitian metric on
π∗L− εHH such that
Θh˜ = Θ∞
holds. Then
h˜δ := h˜ · hεHH
is a singular hermitian metric on π∗L with strictly positive curvature current.
By the construction we see that for every modification
f : Y −→ X
and y ∈ Y ,
ν(f∗Θhδ , y) ≥ ν(f∗Θh, y) + (c+ δ) ·multyf∗E0
holds. Hence by Lemma 2.1 and Lemma 2.2 we see that
π∗I¯(hmδ ) ⊆ I(hm)⊗M
[(c+ 1
2
δ)m]
x0
holds for every sufficiently large m. This completes the proof of Lemma 3.2.
Q.E.D.
Suppose there exists a point x ∈ X such that for some ǫ > 0, there exists
an increasing sequence of positive integers {mj} such that
multxBs | mj(L, h)⊗M[cmj ]x0 |< (1− ǫ)ν¯(x)mj
holds. Let
σj ∈ H0(X,OX (mjL)⊗ I(hmj )⊗M⌈cmj⌉)
(here for a real number a, ⌈a⌉ denotes the smallest integer larger or equal
to a) be a nonzero element such that
multx(σj) ≤ (1− ǫ)ν¯(x)mj
holds. We define the singular hermitian metric hj of L by
hj :=
1
| σj |2/mj
.
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Let x˜ ∈ X˜ be a point on E such that for every m, I(π∗hm) is locally free
on a neighbourhood of x˜ (the neighbourhood may depend on m).
Let U be a small neighbourhood of x˜ and let ρ be a C∞-function on X˜
such that
1. Suppρ ⊂⊂ U ,
2. ρ ≡ 1 on a neighbourhood of x˜,
3. 0 ≤ ρ ≤ 1
hold. Let dx˜ denote the distance function from x˜ with respect to a fixed
Ka¨hler form ω on X˜.
Let ν0 be a sufficiently large positive integer such that
ν0Θh˜δ +Ricω + 2n
√−1∂∂¯(ρ log dx˜)
is strictly positive and
π∗I(hν0δ ) ⊆ I(hν0)⊗M
[(c+ 1
2
δ)ν0]
x0
holds. Let h0 be a C
∞-hermitian metric on L. Let ǫ0 be a sufficiently small
positive number such that
ν0Θh˜δ +Ricω + 2n
√−1∂∂¯(ρ log dx˜)− ǫ0π∗Θh0
is strictly positive. Then by Nadel’s vanishing theorem (Theorem 2.1),
H1(X˜,OX˜(π∗L)⊗ I(π∗hm+ǫ0j · h˜ν0δ e−2nρ log dx˜)) = 0
holds for every j and m ≥ 0. This implies that there exists
σ˜ ∈ H0(X˜,OX˜(π∗(m+ ν0)L)⊗ I(π∗hm+ǫ0j · h˜ν0δ ))
which generates
OX˜(π∗(m+ ν0)L)⊗ I(π∗hm+ǫ0j · h˜ν0δ )
at x˜. Let us fix an arbitrary positive integer m. We note that for every
sufficiently large j,
π∗(I(π∗hm+ǫ0j · h˜ν0δ )) ⊆ I(hm+ν0)⊗M[c(m+ν0)]x0
holds by the construction of {hj}. Hence we see that
multx˜Bs | (m+ ν0)(L, h) ⊗M[cm]x0 |< (1− ǫ)(m+ ν0)ν¯(x)
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holds. Since m is an arbitrary positive integer, this is the contradiction.
Hence we conclude that for every ǫ > 0, there exists a positive integer ν0
such that for every m ≥ ν0
multx˜Bs | m(L, h) ⊗M[cm]x0 |≥ (1− ǫ)mν¯(x)
holds. This implies that
limm→∞m
−1multxBs | m(L, h) ⊗M[cm] |= ν¯(x)
holds. By the definition of ν¯(x) we see that
ν(x) := lim
m→∞m
−1multxBs | m(L, h) ⊗M[cm] |
exists. Since x is arbitrary, this completes the proof of Theorem 3.6 except
the last statement. The proof of the last statement is similar. Q.E.D.
4 Fibration theorem
4.1 The first nonvanishing theorem
Let X be a smooth projective variety. Let D be a divisor on X and let
A =
∑
aiAi be a Q-divisor on X. Assume the following conditions :
1. D is nef,
2. ⌈A⌉ := ∑i⌈ai⌉Ai is effective,
3. Supp{A} is a divisor with normal crossings, where {A} denotes the
fractional part of A, i.e., {A} := A− [A].
4. there exists a positive integer a such that aD+A−KX is nef and big.
In [16], Shokurov proved that under these conditions, for every sufficiently
large positive integer b,
H0(X,OX (bD + ⌈A⌉)) 6= 0
holds. In this section, we shall prove a similar nonvanishing theorem which
plays essential roles in this paper.
Theorem 4.1 (The first nonvanishing theorem) Let X be a smooth projec-
tive variety and let (L, hL) be a singular hermitian line bundle on X such
that the curvature current ΘL is positive. Let (A,hA) be a singular hermi-
tian line bundle on X with strictly positive curvature current ΘA. Then one
of the followings holds.
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1. H0(X,OX (KX +A+mL)⊗I(hAhmL )) 6= 0 holds for every sufficiently
large m,
2. there exists a nontrivial numerically trivial fiber space structure
f : X − · · · → Y,
i.e.,
(a) f is regular over the generic point of Y ,
(b) for a very general fiber F the restriction (L, hL) |F is numerically
trivial,
(c) for a very general point x ∈ X and every irreducible horizontal
curve C containing x, (L, h) · C > 0 holds,
(d) dimY < dimX is minimal among such fibrations.
Let us compare Theorem 4.1 with Shokurov’s nonvanishing theorem above.
The positivity of ΘL in Theorem 4.1 corresponds to the nefness of D in
Shokurov’s theorem. The strict positivity of (A,hA) corresponds to the
the third condition in Shokurov’s theorem. But the second condition in
Shokurov’s theorem does not have a counterpart in Theorem 4.1. That is
why we have two cases. Roughly speaking Theorem 4.1 tells us what hap-
pens, if we drop the second condition in Shokurov’s theorem. To construct
a nontrivial holomorphic section of OX(KX +A+mL) on X in the second
case, we need to construct a section on a general fiber F of the numerically
trivial fibration f : X−· · · → Y . This problem will be treated in the second
nonvanishing theorem (Theorem 4.4) later.
The following (more algebraic) corollary follows from the proof of Theo-
rem 4.1(Corollary 4.1 is a corollary of the proof of Theorem 4.1. See Remark
4.1 below.).
Corollary 4.1 ([20, Corollary 8.1]) Let X be a smooth projective variety
and let L be a nef line bundle on X. Let A be a big line bundle on X. Then
one of the followings holds.
1.
H0(X,OX(KX +A+mL)) 6= 0
holds for every sufficiently large m,
2. there exists a rational fibration
f : X − · · · → Y
such that
24
(a) f is regular over the generic point of Y ,
(b) for a very general fiber F the restriction L|F is numerically trivial,
(c) for every general point x on X and every irreducible horizontal
(with respect to f) curve C containing x, L · C > 0 holds,
(d) dimY < dimX is minimal among such fibrations.
Remark 4.1 In Corollary 4.1 L may not admit a singular hermitian metric
h such that Θh is positive and I(hm) = OX for every m ≥ 0 on X. But the
proof is parallel to that of Theorem 4.1, if we change the volume µ(X, (A +
mL,hAh
m
L )) of a subvariety V in X with respect to A+mL (see Lemma 4.1
below) by the intersection number (A+mL)dimV · V .
Example 2 To illustrate our method let us consider the following example.
Let X be an irreducible quotient of the open unit bidisk ∆2 in C2, i.e.
X = ∆2/Γ,
where Γ is an irreducible cocompact torsion free lattice. Let L denotes the
line bundle such that whose curvature form comes from the Poincare´ metric
on the first factor. Then one see that L is nef and L2 = 0 holds. In particular
L is not big. Let c1(L) be the first Chern form of L induced by the Poincare´
metric on the first factor. On the other hand for every ample line bundle
A, KX +mL + A is very ample for m >> 1. Moreover for every singular
hermitian line bundle (A,hA) with strictly positive curvature (in the sense
of current),
H0(X,OX(KX +mL+A)⊗ I(hA))
gives a birational rational map from X into a projective space and even it
separates jets of any fixed order k at very general points on X for every
sufficiently large m (of course such m depends on k). In a sense L behaves
more or less like an ample line bundle.
4.2 Numerically trivial fibrations
The following theorems are key ingredients for our proof of Theorem 4.1 and
Theorem 1.1.
Theorem 4.2 ([22, Theorem 1.1]) Let (L, h) be a singular hermitian line
bundle on a smooth projective variety X. Suppose that the curvature current
Θh is positive. Then there exists a unique (up to birational equivalence)
rational fibration
f : X − · · · → Y
such that
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1. f is regular over the generic point of Y ,
2. for every very general fiber F , (L, h) |F is well defined and is numeri-
cally trivial (cf. Definition 3.9),
3. dimY is minimal among such fibrations,
4. for a very general point x ∈ X and any irreducible horizontal curve
(with respect to f) C containing x, (L, h) · C > 0 holds.
We call the above fibration the numerically trivial fibration associated
with (L, h).
Remark 4.2 Let X,(L, h) be as above. Then for any smooth divisor D on
X, there exists a numerically trivial fibration
fD : D − · · · →W.
This is simply because the restriction of the intersection theory on D exists
and the proof of the above theorem essentially does not require the existence
of the restriction of Θh on D.
The structure of numerically trivial singular hermitian line bundles with
positive curvature current is given as follows.
Theorem 4.3 ([22, Theorem 1.2]) Let (L, h) be a singular hermitian line
bundle on a smooth projective variety X. Suppose that (L, h) is numerically
trivial on X. Then there exist at most countably many prime divisors {Di}
and nonnegative numbers {ai} such that
Θh = 2π
∑
i
aiDi
holds. More generally let Y be a subvariety of X such that the restriction
h |Y is well defined. Suppose that (L, h) is numerically trivial on Y . Then
the restriction Θh |Y is a sum of at most countably many prime divisors
with nonnegative coefficients on Y .
Theorem 4.3 gives an information on the restricion of the singular hermitian
metric on a very general fiber of a numerically trivial fibration.
Corollary 4.2 ([22, Corollary 3.2]) Let X be a smooth projective variety
and let (L, h) be a singular hermitian line bundle on X such that Θh is
positive. Let D be a smooth divisor on X. Suppose that (L, h) is numerically
trivial on D. Then
SD := {x ∈ D | νD(Θh, x) > 0}
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is a sum of at most countably many prime divisors on D, where νD(Θh, x)
is the Lelong number defined as in Section 3.6. Also
(L− ν(Θh,D) ·D)D −
∑
E
νD(Θh, E) · E
is numerically trivial on D, where E runs all the prime divisors on D.
Remark 4.3 Corollary 4.2 still holds for a subvariety V on D, if there
exists a curve on V such that (L, h) · C is well defined (cf. [22, Remark
3.1]).
4.3 Proof of Theorem 4.1
Let X, (L, hL), (A,hA) be as in Theorem 4.1. Let
f : X − · · · → Y
be the numerically fibration associated with (L, hL). If dimY < dimX
holds, then this is the desired fibration. Hence we shall assume that f is
the identity morphism. In other words, for a very general point x on X
and any irreducible curve C containing x, hL |C is well defined and
(L, hL) · C > 0
holds. We say that (L, hL) is very generically numerically positive.
Lemma 4.1 ([22, Lemma 4.1]) Suppose that (L, hL) is not numerically
trivial. Then for every ample line bundle H on X
limm→∞m−1µ(X, (H +mL,hHhmL )) > 0
holds, where hH is any C
∞ hermitian metric with strictly positive curvature
on H.
Proof. Let n be the dimension of X. We prove this lemma by induction on
n. If n = 1, Lemma 4.1 is trivial. Let π : X˜ −→ P1 be a Lefschetz pencil
associated with a very ample linear system say | H | on X. If we take the
pencil very general, we may assume that I(hℓL) is an ideal sheaf on all fibers
of π for every ℓ ≥ 1. And let
b : X˜ −→ X
be the modification associated with the pencil and let E be the exceptional
divisor of b. Then by the inductive assumption for a very general fiber F of
π, we see that
limm→∞m−1µ(F, b∗(H +mL,hHhmL )) > 0
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holds. Let us consider the direct image
Em,ℓ := π∗OX˜(ℓb∗(H +mL))⊗ I(b∗hmℓL )).
By Grothendiek’s theorem, we see that
Em,ℓ ≃ ⊕ri=1OP1(ai)
for some ai = ai(m, ℓ) and r = r(m, ℓ). By the inductive assumption, we
see that
limm→∞m−1(limℓ→∞ℓ−(n−1)r(m, ℓ)) > 0
holds. We note that ℓ0b
∗H −E is ample for some positive integer ℓ0. Hence
we see that
OX˜(ℓ0b∗H −E)
admits a C∞-hemitian metric with strictly positive curvature. Hence by
Nadel’s vanishing theorem [14, p.561] there is a positive constant c such
that
H1(X˜,OX˜(ℓb∗(H +mL−
1
ℓ0
E))⊗ I(b∗hmℓL )⊗ π∗OP1(−⌈cℓ⌉)) = 0
holds for every sufficiently large ℓ divisible by ℓ0. This implies that
limℓ→∞ℓ−1(min
i
ai) ≥ c
holds and
limℓ→∞ℓ−n dimH0(X˜,OX˜(ℓp∗(H +mL))⊗ I(p∗(hmℓL ))) ≥
≥ c · limℓ→∞ℓ−(n−1)r(m, ℓ)
holds. Hence we see that
limm→∞m−1(limℓ→∞ℓ−n dimH0(X˜,OX˜(ℓb∗(H +mL))⊗ I(b∗(hmℓL ))) > 0
holds. Since
b∗I(b∗hmℓL ) ⊆ I((hmℓL ))
holds by Lemma 2.1, we see that
limm→∞m−1µ(X, (H +mL,hHhmL )) > 0
holds. Here we have assumed that H to be sufficiently very ample. To prove
the general case of Lemma 4.1, we argue as follows. Let H be any ample
line bundle on X. Then
µ(X, (a(H +mL), haHh
am
L )) = a
n · µ(X, (H +mL,hHhmL ))
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holds for every positive integer a. Now it is clear that Lemma 4.1 holds for
any ample line bundle H. This completes the proof of Lemma 4.1. Q.E.D.
Let H be a very ample line bundle on X and let hH be a C
∞-hermitian
metric on H. Since the curvature ΘA of hA is strictly positive, we see that
for every sufficiently small positive number ǫ.
µ(X, (A− ǫH, hAh−ǫH )) > 0
holds by Theorem 2.1.
By the assumption (L, hL) is very generically numerically positive on X.
Let ν0 be a positive integer and let us consider the singular hermitian line
bundle (ν0L + A,h
ν0
L hA) on X. By Lemma 4.1 we can take a sufficiently
large ν0 so that
µ(X, (ν0L+A,h
ν0
L hA)) > ǫ
nµ(X, (ν0L+ ǫH, h
ν0
L h
ǫ
H)) > 2
n(n+ 1)2n
hold.
Lemma 4.2 Let x ∈ X be a very general point such that ν(ΘL, x) =
ν(ΘA, x) = 0 hold.
Then for every sufficiently large positive integer m,
H0(X,OX (m(ν0L+A)⊗ I((hAhν0L )m)⊗M⊗2(n+1)
2m
x ) 6= 0
holds, where Mx denotes the maximal ideal sheaf at x.
Proof. Let us consider the following morphism
H0(X,OX (m(ν0L+A)⊗ I((hAhν0L )m))→
H0(X,OX (m(ν0L+A)⊗ I((hAhν0L )m)/M⊗2(n+1)
2m
x )
The kernel of this morphism is exactly
H0(X,OX(m(ν0L+A)⊗ I((hAhν0L )m)⊗M⊗2(n+1)
2m
x ).
If we take x very general we may assume that ν(ΘL, x) = 0 holds. Hence
I(hmL )x = OX,x holds for every m ≥ 0 by Lemma 2.2. Since
dimH0(X,OX (m(ν0L+A)⊗I((hAhν0L )m)/M⊗2(n+1)
2m
x ) =
2n(n+ 1)2n
n!
mn+O(mn−1)
and
µ(X, (ν0L+A,h
ν0
L hA)) > 2
n(n+ 1)2n
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hold, for every sufficiently large m,
dimH0(X,OX (m(ν0L+A)⊗ I((hAhν0L )m)) >
dimH0(X,OX (m(ν0L+A)⊗ I((hAhν0L )m)/M⊗2(n+1)
2m
x )
holds. This completes the proof of Lemma 4.2. Q.E.D.
Let x be a very general point of X such that ν(ΘL, x) = ν(ΘA, x) = 0
hold and for every irreducible curve C containing x hL |C is well defined and
satisfies
(L, hL) · C > 0.
Let ε be a sufficiently small positive number. Let m0 be a sufficiently large
positive number and let
σ0 ∈ H0(X,OX (m0(ν0L+A)⊗ I((hAhν0L )m0)⊗M⊗2(n+1)
2m0
x )
be a general nonzero section.
Let h0 be the singular hermiaitn metric on ν0L+A defined by
h0 =
1
| σ0 |2/m0
.
Let α0 be the positive number defined by
α0 := inf{α | (OX/I(hα0 ))x 6= 0}.
We set
V1 := lim
δ↓0
Spec(OX /I(α′ + δ)).
And let X1 be a branch of V1 containing x. Then since σ0 is an element of
H0(X,OX (m0(ν0L+A)⊗ I((hAhν0L )m0)⊗M⊗2(n+1)
2m0
x ),
we see that
α0 <
1
2n
holds. Let us take m0 sufficiently large and σ0 very general.
Remark 4.4 By Theorem 3.6 for every m′0 ≥ m0 and very general
σ′0 ∈ H0(X,OX (m′0(ν0L+A)⊗ I((hAhν0L )m
′
0)⊗M⊗2(n+1)2m′0x )
we see that
X1 ⊆ Spec(OX/I((h′0)α0+δ0))
holds, where δ0 is a positive number which tends to 0 as m0 tends to infinity.
Hence even if we move m0, only finitely many subvarieties appears as X1 as
far as we take σ0 very general.
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We set
n1 := dimX1.
We note that hL |X1 is well defined and (L, hL) is not numerically trivial on
X1 by the choice of x. In this case by Lemma 4.1 we take a sufficiently large
positive integer ν1 so that
µ(X1, (ν1L+A,h
ν1
L hA)) > 2
n1(n1 + 1)
n1nn1 .
Then we have the following lemma.
Lemma 4.3 Let x1 be a very general point on X1,reg. Then for every suf-
ficiently large positive integer m,
H0(X1, (OX1(m(ν0L+A)⊗ I((hAhν1L )m))/tor ⊗M⊗2(n+1)
2m
x1 ) 6= 0
holds.
Proof. Let x1 be a very general point on X1,reg such that ν(ΘhAh
ν1
L
, x1) = 0
holds. Then for every m, I((hAhν1L )m)x1 = OX,x1 holds. Then the proof of
Lemma 4.3 is parallel to that of Lemma 4.2. Q.E.D.
Let E be an effective Q-divisor such that A + ν1L − E is ample (such a
divisor exists by Kodaira’s lemma [11, Appendix]). We set
H1 = r(A+ ν1L− E),
where r is a positive integer such that H is an integral divisor on X. Then
by Nadel’s vanishing theorem, we have the following lemma.
Lemma 4.4 If we take r sufficiently large, then
φm : H
0(X,OX (m(ν1L+A) +H)⊗ I((hAhν0L )m))→
H0(X1,OX1(m(ν1L+A) +H1)⊗ I((hAhν0L )m))
is surjective for every m ≥ 0.
Proof. Let us take a locally free resolution of the ideal sheaf IX1 of X1.
0← IX1 ← E1 ← E2 ← · · · ← Eℓ ← 0.
Then by the trivial extension of Nadel’s vanishing theorem to the case of
vector bundles, if r is sufficiently large, we have :
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Sublemma 4.1
Hq(X,OX (m(ν1L+A) +H1)⊗ I((hAhν0L )m)⊗ Ej) = 0
holds for every m ≥ 1, q ≥ 1 and 1 ≤ j ≤ k.
In fact if we take r sufficiently large, we see that for every j, OX(H−KX)⊗Ej
admits a C∞-hermitian metric gj such that
Θgj ≥ IdEj ⊗ ω
holds, where ω is a Ka¨hler form on X. By [5, Theorem 4.1.2 and Lemma
4.2.2], we completes the proof of Sublemma 4.1. Q.E.D.
Let
pm : Ym −→ X
be a composition of successive blowing ups with smooth centers such that
p∗mI((hAhν0L )m) is locally free on Ym.
Sublemma 4.2
Rppm ∗p∗m(OYm(KYm)⊗ I(p∗m(hAhmL )) = 0
holds for every p ≥ 1 and m ≥ 1.
Proof. This sublemma follows from Theorem 2.1. Q.E.D.
We note that by the definition of the multiplier ideal sheaves
pm ∗(OYm(KYm)⊗ I(p∗m(hAhν0L )m)) = OX(KX)⊗ I((hAhν0L )m)
holds. Hence by Sublemma 4.1, Sublemma 4.2 and the Leray spectral se-
quence, we see that
Hq(Ym,OYm(KYm+p∗m(m(ν1L+A)+H1−KX))⊗I(p∗m(hAhν0L )m)⊗p∗mEj) = 0
holds for every q ≥ 1 and m ≥ 1. Hence
H1(Ym,OYm(KYm+p∗m(m(ν1L+A)+H1−KX)⊗p∗mI((hAhν0L )m))⊗p∗mIX1) = 0
holds. Hence every element of
H0(Ym,OYm(KYm+p∗m(m(ν1L+A)+H1−KX)⊗I(p∗m(hAhν0L )m))⊗OYm/p∗mIX1)
extends to an element of
H0(Ym,OYm(KYm + p∗m(m(ν1L+A) +H1 −KX)⊗ I(p∗m(hAhν0L )m)))
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Also there exists a natural map
H0(X1,OX1(m(ν1L+A) +H1)⊗ I((hAhν0L )m))→
H0(Ym,OYm(KYm+p∗m(m(ν1L+A)+H1−KX))⊗I(p∗m(hAhν0L )m))⊗OYm/p∗mIX1).
Hence we can extend every element of
p∗mH
0(X1,OX1(m(ν1L+A) +H1)⊗ I((hAhν0L )m))
to an element of
H0(Ym,OYm(KYm + p∗m(m(ν1L+A) +H1 −KX))⊗ I(p∗m(hAhν0L )m)))
Since
H0(Ym,OYm(KYm + p∗m(m(ν1L+A) +H1 −KX)⊗ I(p∗m(hAhν0L )m))) ≃
H0(X,OX (m(ν1L+A) +H1)⊗ I((hAhν0L )m))
holds by the isomorphism
pm ∗(OYm(KYm)⊗ I(p∗m(hAhν0L )m))) = OX(KX)⊗ I((hAhν0L )m),
this completes the proof of Lemma 4.4. Q.E.D.
Let τ1 be a nonzero element of H
0(X,OX (H1)). Let x1 be a very general
point on X1,reg such that ν(ΘhAh
ν1
L
, x1) = 0 holds. Let m1 be a sufficiently
large positive integer and let
σ′1 ∈ H0(X1,OX1(m1(ν1L+A)⊗ I((hAhν0L )m1)/tor ⊗M⊗2(n+1)
2m1
x1 )
be a nonzero element. We note that if X1 is smooth (and if we take x very
general),
OX1(m1(ν1L+A)⊗ I((hAhν0L )m1)
is torsion free, since it is a subsheaf of a locally free sheaf on a smooth
variety.
Let
p : X˜ −→ X
be an embedded resolution and let X ′1 be the strict transform of X1. We
may consider σ′1 as an element of
H0(X ′1,OX′1(p
∗(m1(ν1L+A)) ⊗ p∗(I((hAhν0L )m1)⊗M⊗2(n+1)
2m1
x1 )).
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Hence σ′1 can be lifted to an element of
H0(X1,OX1(m1(ν1L+A)⊗ I((hAhν0L )m1)⊗M⊗2(n+1)
2m1
x1 ),
if it vanishes on (p∗X1−X ′1)∩X ′1. Such a nonzero element σ′1 certainly exists,
if m1 is sufficiently large. Hence we may assume that σ
′
1 is an element of
H0(X ′1,OX′1(p
∗(m1(ν1L+A)) ⊗ p∗(I((hAhν0L )m1)⊗M⊗2(n+1)
2m1
x1 )).
Let σ1 be an extension of
σ′1 ⊗ τ1 ∈ H0(X1,OX1(m1(ν1L+A) +H1)⊗ I((hAhν0L )m1))
to X. This extension is possible by Lemma 4.4. Then we set
h1 :=
1
| σ1 |
2
r+m1
.
Then h1 is a singular hermitian metric of A + ν1L with positive curvature
current.
Suppose that x is a regular point of X1. In this case we shall take x1 = x.
Let ε0 be a sufficiently small positive number. We define a positive number
α1 by
α1 = inf{α > 0 | (OX/I(hα0−ε00 · hα1 )x 6= 0}.
Let us recall the following lemma.
Lemma 4.5 ([21, p.12, Lemma 6]) Let a, b be positive numbers. Then
∫ 1
0
r2n1−12
(r21 + r
2a
2 )
b
dr2 = r
2n1
a
−2b
1
∫ r−2a1
0
r2n1−13
(1 + r2a3 )
b
dr3
holds, where
r3 = r2/r
1/a
1 .
By Lemma 4.5 (if we take ε0 sufficiently small), we see that
α1 ≤ 1
2n
holds.
Suppose that x is a singular point of X1. In this case letting x1 tend to
x, we define the singular hermitian metric h1. To estimate α1, we use the
following lemma ([1]).
Lemma 4.6 Let ϕ be a plurisubharmonic function on ∆n ×∆. Let ϕt(t ∈
∆) be the restriction of ϕ on ∆n × {t}. Assume that e−ϕt does not belong
to L1loc(∆
n, O) for every t ∈ ∆∗.
Then e−ϕ0 is not locally integrable at O ∈ ∆n.
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Lemma 4.6 is an immediate consequence of the L2-extension theorem ([15,
p.200, Theorem]). By Lemma 4.6 we have the same estimate
α1 ≤ 1
2n
also in the case that x is a singular point of X1. We define
V2 = lim
δ↓0
Spec(OX/I(hα0−ε00 · hα1+δ1 ))
and let X2 be a branch of V2 containing x. By the choice of x, hL |X2 is well
defined and (L, hL) is not numerically trivial on X2.
By the above argument, inductively we obtain the strictly decreasing
sequence of subvarieties:
X = X0 ⊃ X1 ⊃ · · ·Xr ⊃ Xr+1 = {x}
(the last subvariety Xr+1 is a point by the choice of x, i.e. by the numerical
positivity of (L, hL) at x) and the positive numbers {αi}ri=0 depending
on small positive numbers {εi}r−1i=0 . Since
r∑
i=0
αi ≤ 1
2
holds by the construction, we can define a singular hermitian metric h˜x on
mL+A for every m >
∑r
i=0 αiνi by
h˜x = (
r−1∏
i=0
h
(αi−εi)
i ) · hαr+εrr · h
(1−(
∑r−1
i=0
(αi−εi))−(αr+εr))
A · h
m−
∑r
i=0
αiνi
L ,
where ε0, . . . , εr are sufficiently small positive numbers. Then the curvature
Θh˜x is a closed strictly positive (1, 1)-current on X since
Θh˜x =
r−1∑
i=0
(αi−εi)Θhi+(αr+εr)Θhr+(1−(
r−1∑
i=0
(αi−εi))−(αr+εr))ΘhA+(m−
r∑
i=0
αiνi)ΘhL ,
Θhi(0 ≤ i ≤ r),ΘL(= ΘhL) ≥ 0,ΘA(= ΘhA) > 0,
1− (
r−1∑
i=0
(αi − εi))− (αr + εr)) > 0,m−
r∑
i=0
αiνi > 0
hold.
And moreover I(h˜x) defines a subscheme of isolated support at x, if we
have taken x to be a very general point on X.
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If
I(h˜x) ⊆ I(hAhmL )
holds, applying Nadel’s vanishing theorem (Theorem 2.1), we see that for
every m >
∑
αiνi there exists a section
σ ∈ H0(X,OX (KX +A+mL)⊗ I(hAhmL ))
such that σ(x) 6= 0 holds. But at this stage it is not clear that the above
inclusion holds. The reason is that h0, . . . , hr may have weaker singularities
than hAh
ν0
L , . . . , hAh
νr
L at some points on X respectively, i.e. hAh
νi
L /hi(i =
0, . . . , r) may not be bounded on X.
Suppose that
I(h˜x) 6⊆ I(hAhmL )
holds. Let us fix m such that
m >
r∑
i=0
αiνi.
and
ρm : X
(m) −→ X
be a modification such that ρ∗mI(hmL hA) is locally free on X(m). Let Dm =∑
k am,kDm,k be the integral divisor such that
OX(m)(−Dm) = ρ∗mI(hmL hA).
As is seen in Remark 4.4, we have only finitely many choices of X1, . . . Xr.
Hence we may assume that X1, . . . ,Xr are independent of m0, . . . ,mr−1.
Sublemma 4.3 There exists a positive constant C such that
ν(ρ∗mΘhAhνiL ,Dm,k)− ν(ρ
∗
mΘhi ,Dm,k) ≤
C
mi
holds for every y ∈ X(m), 0 ≤ i ≤ r and k.
Proof. Since
σi ∈ H0(X,OX ((mi + ri)(νiL+A))⊗ I((hAhνiL )mi))
holds, by Lemma 2.2, by the definition of hi we see that
ν(ρ∗mΘhi ,Dm,k) ≥
mi
mi + ri
ν(ρ∗m(ΘA + νiΘL),Dm,k)−
1
mi + ri
(ak + 1)
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holds, where ak ≥ 0 is the coefficient of Dm,k in the discrepancy KX(m) −
ρ∗mKX , i.e.
KX(m) − ρ∗mKX =
∑
k
akDm,k
holds. Hence there exists a positive constant C such that
ν(ρ∗mΘhAhνiL ,Dm,k)− ν(ρ
∗
mΘhi ,Dm,k) ≤
C
mi
holds for every y ∈ X(m), 0 ≤ i ≤ r and k. Q.E.D.
Sublemma 4.3 means that if we take mi very large, then hAh
νi
L /hi has very
small singularities on X, even if it is not bounded on X.
To assure the inclusion
I(hx) ⊆ I(hAhmL ),
we modify the argument as follows. Let us fix m >
∑r
i=0 αiνi. We set
S(= Sm) := Spec(OX/I(hmL hA))red.
Let ϕ be an almost plurisubharmonic function which is expressed locally:
ϕ = log
∑
j
| fj |2 +C∞-function,
where {fj} is a finite set of local generators of the ideal of S. We set
hx := h˜x · e−δϕ,
where δ is a small positive number so that Θhx is strictly positive.
By this modification and Sublemma 4.3, we see that
I(hx) ⊆ I(hmL hA)
holds, if m0, . . . ,mr are sufficiently large.
In fact this can be verified as follows. If we take δ so that
δ >>
r∑
i=0
C
mi
holds (this does not violate the fact that we need to take δ sufficiently small,
because {mi}’s can be arbitrary large),
ν(ρ∗mΘhx,Dm,i) > ν(ρ
∗
m(ΘA +mΘL),Dm,i)
holds for every i, if we take m0, . . . ,mr sufficiently large.
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Hene by Lemma 2.2, we have the inclusion:
I(hx) →֒ I(hmL hA).
Then by Nadel’s vanishing theorem (Theorem 2.1) we see that
H0(X,OX (KX +mL+A)⊗ I(hmL hA)) 6= 0
for every m >
∑r
i=0 αiνi. This completes the proof of Theorem 4.1. Q.E.D.
Remark 4.5 By modifying the above proof in the first case of Theorem 4.1,
it is not hard to show that
H0(X,OX (KX +A+mL)⊗ I(hAhmL ))
gives a birational rational map from X into a projective space for every
sufficiently large m.
4.4 The second nonvanishing theorem
In this subsection we shall consider the existence of sections of a numerically
trivial singular hermitian line bundles twisted by some line bundle.
Let (L, h) be a singular hermitian line bundle on a smooth projective
variety Y such that Θh is closed positive on Y . Let
∑r
i=1 Zi be a divisor
with normal crossings on Y . Let X be a smooth subvariety defined by
X = Z1 ∩ · · · ∩ Zr.
We say such a subvariety X a transverse complete intersection in Y .
Suppose that (L, h) is numerically trivial on Y . Then by Theorem
4.3, we see that there exists at most coutably many prime divisors {Fk} and
nonnegative real numbers {ak} such that
Θh = 2π
∑
k
akFk
holds. Let ξk be a nonzero global section of OY (Fk) with divisor Fk. Then
we see that there exists a positive constant C such that
h = C ·
∏
k
1
| ξk |2ak
holds.
We shall assume that {Z1, . . . Zr} contains all the divisorial components
of {y ∈ Y | ν(Θh, y) > 0} containing X. In this case we say that X is
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a transverse complete intersection with respect to (L, h). Then for
every m ≥ 1, we see that
OX(mL)⊗ I(hm) = OX(mL−
r∑
i=1
[m · ν(Θh, Zi)]Zi)⊗ I˜X(hm),
holds for some ideal sheaf I˜X(hm) on X, since the lefthandside is a subsheaf
of the locally free sheaf OX(mL −
∑r
i=1[m · ν(Θh, Zi)]Zi) on the smooth
variety X. We define the Lelong number νX(Θh, x)(x ∈ X) by
νX(Θh, x) := limm→∞m−1multxSpec(OX/I˜X(hm)).
And define
IX(hm) := ∩m≥1 m
√
I˜X(hm),
where m
√
I˜X(hm) is defined by
m
√
I˜X(hm)x := ∪I( 1
m
(σ))x (x ∈ X),
where σ runs all the germs of I˜X(hm)x.
Then by successive use of Corollary 4.2 we see that
S := {x ∈ X | νX(Θh, x) > 0}
consists of countably many prime divisors on X. We set
S =
∑
j
Dj ,
dj := νX(Θh,Dj)
and
D :=
∑
j
djDj .
Then since Θh is a sum of at most countably prime divisors with nonnegative
real coefficients by Theorem 4.3, we see that
IX(hm) = I(mD)
holds for every m ≥ 0, since X is a transverse complete intersection with
respect to (L, h).
The following theorem is as important as Theorem 4.1.
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Theorem 4.4 (The second nonvanishing theorem) Let Y be a smooth pro-
jective variety and let (L, h) be a numerically trivial singular hermitian line
bundle on Y . Let X = Z1 ∩ · · · ∩ Zr be a transverse complete intersection
subvariety with respect to (L, h). We set
νi := ν(Θh, Zi)
and let ζi be nonzero global section in Γ(Y,OY (Zi)) with divisor Zi for
1 ≤ i ≤ r. For 1 ≤ i ≤ r let hZi be a C∞-hermitian metric on OY (Zi)
respectively. Let ω be a C∞-Ka¨hler form on X. Let A =
∑
k akAk be a
R-divisor on X and let τk denotes a nonzero global section of OX(Ak) with
divisor Ak for every k. Suppose that the following conditions are satisfied.
1. SuppA =
∑
k Ak is a divisor with normal crossings,
2. ⌈A⌉ is effective,
3. there exists a C∞-hermitian metric hA−KX with strictly positive cur-
vature on the R-line bundle A −KX such that there exists a positive
number δ such that for every m ≥ 1 satisfying
{mνi} ≤ δ
the curvature current of the singular hermitian metric
hm := h
m · hA−KX · (
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) · (
∏
k
| τk |−2(⌈ai⌉−ai))
on OX(⌈A⌉ −KX +mL−
∑
i[mνi]Zi), satisfies the inequality
Θhm > c · ω,
where c is a positive number independent of such m.
Then there are finitely many positive numbers t0, α1, . . . , αℓ, β1, . . . , βp and a
small positive number ε such that for every m ≥ t0 satisfying the inequalities
| 〈mαs〉 −mαs |< ε (1 ≤ s ≤ ℓ),
0 <| ⌈mβq⌉ −mβq |< ε (1 ≤ q ≤ p)
and {mνi} ≤ δ (1 ≤ i ≤ r),
H0(X,OX (⌈A⌉ +mL)⊗ IX(hm)) 6= 0
holds. In other words for such m ≥ t0
H0(X,OX (⌈A⌉ +mL)⊗ IX((
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) · h⌈A⌉ · hm)) 6= 0
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holds, where h⌈A⌉ denotes the singular hermitian metric on OX(⌈A⌉) defined
by
h⌈A⌉ =
∏
k
haik | τk |−2(⌈ai⌉−ai) .
Moreover the set of such m is nonempty and infinite.
Proof of Theorem 4.4. Let n denote dimX. We prove this theorem by
induction on n. If n = 1, by the assumption for every m ≥ 1 such that
{mνi} < δ (1 ≤ i ≤ r)
hold,
degX OX(⌈A⌉ +mL)⊗ I(hm) > degX KX
holds (such a positive integer m certainly exists by Lemma 4.7 below). Since
dimX = 1, OX(⌈A⌉ +mL)⊗ I(hm) is an invertible sheaf on X. Hence for
such m
H0(X,OX (⌈A⌉+mL)⊗ I(hm)) 6= 0
holds by the Kodaira vanishing theorem and the Riemann-Roch theorem.
Suppose that the theorem holds for every X with dimX < n. Let us
consider the case that dimX = n. We set
S := {x ∈ X | νX(Θh, x) > 0}.
Then S consists of at most countably many prime divisors on X. Let
S :=
∑
j∈J
Dj
be the irreducible decomposition. We set
dj := νX(Θh,Dj).
We shall consider the following two cases.
Case 1: ♯J =∞,
Case 2: ♯J <∞.
First let us consider Case 1. Let H be a very ample smooth divisor on X.
We may assume that 2πω is a 1-st Chern form of OX(H). Now we have the
following sublemma.
Sublemma 4.4 There exists a positive number δH such that for every ef-
fective R-divisor E on X such that
Hn−1 ·E < δH
H − E is ample.
41
Proof of Sublemma 4.4. Since for every positive number a
{c1(E) ∈ H2(X,R) | E : effective R-divisor,Hn−1 · E < a}
is relatively compact in H2(X,R), This follows from Kleinman’s criterion
for ampleness. Q.E.D.
Then there exists some Dj , say D0 such that
1. D0 6⊂ SuppA,
2. d0 ·Hn−1 ·D0 << 12c · δH
hold. Since Hn−1 · (∑j∈J djDj) is finite and ♯J is infinite, there exists such
D0. We may assume that D0 is a smooth divisor. In fact let
πY : Y˜ −→ Y
be an embedded resolution of D0 obtained by successive blow ups with
smooth centers. Let D˜0 denote the strict transform of D0 in X˜. Let X˜ be
the strict transform of X in Y˜ and let
π : X˜ −→ X
be the restriction of πY to X˜. Let E be the effective divisor defined by
E := KX˜ − π∗KX .
We define the divisor A˜ on X˜ by
A˜ := π∗A+ E.
If we take πY properly we may assume that Supp A˜ is a divisor with normal
crossings. We note that ⌈A˜⌉ is effective, if and only if I(−A˜) ≃ OX˜ holds.
We note that that
KX˜ − A˜ = π∗(KX −A)
holds by the definition of A˜. Hence ⌈A˜⌉ is also effective. Also the above
formula implies that for every m ≥ 1 such that
{mνi} < δ (1 ≤ i ≤ r),
there exists a C∞-hermitian metric hA˜−K
X˜
on the R-line bundle A − KX
such that
h˜m := π
∗hm · hA˜−K
X˜
· π∗(
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) · π∗(
∏
k
| τk |−2(⌈ai⌉−ai))
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is a singular hermitian metric on OX(⌈A˜⌉−KX˜ +mπ∗L−
∑
i[mνi]Zi) such
that the curvature current Θh˜m satisfies the inequality
Θh˜m ≥ c · π∗ω.
We note that there exists an effective divisor E′ supported on Ered and a
C∞-hermitian metric hE′ on OX˜(E′) such that
ω˜(= ω˜(λ)) = c · π∗ω + λ ·ΘhE′
is a C∞-Ka¨hler form on X˜ for every sufficiently small positive number λ. Let
λ0 be a sufficiently small positive number such that ⌈A˜− λ0E′⌉ is effective
and ω˜(λ0) is a Ka¨hler form on X˜. Then if we replace (Y,X, (L, h),D0 , A)
by (Y˜ , X˜, π∗Y (L, h), D˜0, A˜− λ0E′), we may assume that D0 is smooth, since
by the definition of A˜
π∗H0(X˜,OX˜(⌈A˜−λ0E′⌉+mL)⊗IX˜(π∗((
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) ·h⌈A⌉ ·hm)))
is contained in
H0(X,OX (⌈A⌉ +mπ∗L)⊗ IX((
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) · h⌈A⌉ · hm))
holds. Now we assume that D0 is smooth.
We need the following lemma.
Lemma 4.7 Let a1, . . . aℓ are positive numbers. Let us consider the se-
quence
{([ma1], . . . , [maℓ]) | m ∈ N}
in (R/Z)ℓ. Then there exist a connected subgroup T of (R/Z)ℓ such that
T ∩ {([ma1], . . . , [maℓ]) | m ∈ N}
is dense in T .
Proof of Lemma 4.7. Let T ′ denote the closure of {([ma1], . . . , [maℓ]) |
m ∈ N}. Then T ′ contains the origin. Let T be the connected component
containing the identity. Then by the definition of T , for every positive in-
teger m, ([ma1], . . . , [maℓ]) has an inverse in T . This means that T is a
connected subgroup of (R/Z)ℓ. It is clear that T satisfies the desired prop-
erty. Q.E.D.
Suppose that m is a positive integer such that {−md0} is a nonzero num-
ber satisfying
{−md0} · (Hn−1 ·D0) < 1
2
c · δH
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and
{mνi} ≤ δ (1 ≤ i ≤ r)
hold. By Lemma 4.7 such a positive integerm exists, if we take d0 sufficiently
small. For such m, by the assumption there exists a C∞ hermitian metric
hA−KX on the R-line bundle A−KX such that
hm := h
m · hA−KX · (
r∏
i=1
h
{mνi}
Zi
· | ζi |2mνi) · (
∏
k
| τk |−2(⌈ai⌉−ai))
is a singular hermitian metric on OX(⌈A⌉ −KX +mL−
∑r
i=1[mνi]Zi) such
that Θhm satisfies the inequality
Θhm ≥ c · ω.
Let h0 be a C
∞-hermitian metric on OX(D0) and let σ0 ∈ Γ(X,OX(D0))
be a nonzero global section with divisor D0. Then if we take h0 properly,
by the choice of D0 and Sublemma 4.4
hˆm := hm · ( 1
h0(σ0, σ0){−md0}
)
is a singular hermitian metric on OX(⌈A⌉ −KX +mL−∑ri=1[mνi]Zi) such
that the curvature current Θhˆm satisfies the inequality
Θhˆm ≥
1
2
c · ω
on X. This implies that
H1(X,OX (⌈A⌉ +mL)⊗ IX(hˆm)) = 0
holds. Hence
H0(X,OX (⌈A⌉+D0+mL)⊗IX(hˆm))→ H0(D0,OD0(⌈A⌉+D0+mL)⊗IX(hˆm))
is surjective for such m. By the construction of hˆm we see that
IX(hˆm) ⊆ IX(h⌈A⌉ · hm)⊗OX(−D0)
holds. In fact this can be verified as follows. First by the definition of hˆm,
it is clear that
IX(hˆm) ⊆ IX(h⌈A⌉ · hm)
holds. Let ̟ : X ′ −→ X be a modification such that ̟∗IX(hˆm) and
̟∗IX(h⌈A⌉ · hm) are locally free. Take a sufficiently small open set U
in X and any local section σ of IX(hˆm)(U). Then ̟∗σ is an element of
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̟∗IX(h⌈A⌉ · hm)(̟−1(U)) which is identically 0 on the strict transform of
D0 in ̟
−1(U). Hence we have that σ ∈ (IX(h⌈A⌉ · hm) ⊗ OX(−D0))(U)
holds.
Since D0 is not contained in the support of A, we see that ⌈A |D0⌉ is
effective. Since KD0 = (KX +D0) |D0 holds by the adjunction formula, we
see that for such m, there exists a C∞-hermitian metric hA|D0−KD0 on the
R-line bundle A |D0 −KD0 such that
hm,D0 := hˆm |D0= hm·hA|D0−KD0 ·(
∏
i
h
{mνi}
Zi
· | ζi |2mνi)·(
∏
k
| τk |−2(⌈ai⌉−ai))·( 1
h0(σ0, σ0){−md0}
)
is a singular hermitian metric on
OD0(⌈A⌉ −KX +mL−
r∑
i=1
[mνi]Zi − [md0] ·D0)
such that the curvature current Θhm,D0 satisfies the inequality
Θhm,D0 ≥
1
2
c · ω|D0 .
Since
I(hm,D0) ⊆ I(hˆm)⊗OD0
holds by the L2-extension theorem ([15], cf. Lemma 4.6 above),
H0(D0,OD0(⌈A |D0⌉+mL)⊗I(hm,D0)) ⊆ H0(D0,OD0(⌈A |D0⌉+mL)⊗I(hˆm))
holds. Hence if
H0(D0,OD0(⌈A |D0⌉+mL)⊗ I(hm,D0)) 6= 0
holds, then by the above argument, we see that
H0(X,OX (⌈A⌉ +mL)⊗ IX(hm)) 6= 0
holds.
By the definition of D0, ⌈A |D0⌉ is effective. Hence repeating the same
procedure, we may continue the argument and reduce the problem to the
(1-dimension) lower dimensional case. We note that D0 may not be a trans-
verse complete intersection with respect to (L, h) in Y , but it is a smooth
divisor on X. Hence essentially we may apply the inducton. In fact only
difference is that we should consider the R-line bundlem(L−∑ri=1 νiDi) on
X instead of mL. But as above this does not matter, if the residual divisor∑r
i=1{mνi}Di is sufficiently small. By the inductive argument (see also the
second case below), setting d0 to be one of {β1, . . . , βp} in the statement of
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Theorem 4.4, we completes the proof of Theorem 4.4 in this case.
Next let us consider the second case, i.e. the case that ♯J < ∞. By
taking a suitable modification of X in Y , we may assume that
A+
∑
j∈J
djDj
is a divisor with normal crossings on X.
In this case we quote the following theorem.
Theorem 4.5 ([9, p. 427,Theorem 3]) LetM be a smooth projective variety
and let A be an divisor on X with real coefficients such that
1. Supp{A} is a divisor with normal crossings,
2. ⌈A⌉ is effective,
3. A−KM is ample.
Let L be a line bundle and let D =
∑
djDj be an effective divisor with
real coefficients on M such that L−D is nef and SuppD is a divisor with
normal crossings. Then there exist positive numbers t0 and ε such that for
every integer m satisfying
m ≥ t0 and | 〈mdj〉 −mdj |< ε,
H0(M,OM (⌈A⌉ − 〈mD〉+mL)) 6= 0
holds, where for a real number d, 〈d〉 denotes the integer such that
d− 1
2
≤ 〈d〉 < d+ 1
2
and
〈mD〉 :=
∑
j
〈mdj〉Dj .
Remark 4.6 By Lemma 4.7, the set of m satisfying the inequalities in The-
orem 4.5 is nonempty and infinite.
Let us continue the proof of Theorem 4.4. We note that
L−
r∑
i=1
νiZi −
∑
j∈J
djDj
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is numerically trivial on X. Also by the assumption for every positive num-
ber ε for every 1 ≤ i ≤ r and j ∈ J there exists a positive integer m such
that
| 〈mdj〉 −mdj |< ε (j ∈ J)
and
| ⌈mνi⌉ |< δ (1 ≤ i ≤ r)
hold. The existence of such m follows from Lemma 4.7.
We cannot apply Theorem 4.5 directly in our situation, since OX(Zi) |X
is not effective. To use the Cartier divisor mL − ∑ri=1[mνi]Zi instead of
the R-divisor mL−∑ri=1mνiZi, we need to dispose of the residual divisor∑r
i=1{mνi}Zi. This residual divisor can be absorbed in A in the following
manner, if {mνi}, 1 ≤ i ≤ r are sufficiently small. Let us take a very ample
divisor H as above. We may assume that A +H is a divisor with normal
crossings. Let us take a positive rational number ε0 so that A− ε0H −KX
is ample. Then there exists a positive rational number δ0 such that if
{mνi} < δ0(1 ≤ i ≤ r),
then
ε0H −
r∑
i=1
{mνi}Zi
is Q-linearly equivalent to an ample effective Q-divisor B. We may assume
that A+H +B is a divisor with normal crossings. Then we see that
r∑
i=1
{mνi}Zi ∼Q ε0H −B
and
A− ε0H +
r∑
i=1
{mνi}Zi ∼Q A−B
hold, where ∼Q denotes the Q-linear equivalence relation. Also we note
that we may assume that ⌈A − B⌉ = ⌈A⌉ holds. Thus if {mνi} < δ0 holds
for every 1 ≤ i ≤ r, we may neglect the residual divisor ∑ri=1{mνi}Zi by the
perturbation of the divisor A. This argument has already been used in [9]
to prove Theorem 4.5. The essential part of the proof of Theorem 4.5 is this
argument and the rest of the proof is parallel to the proof of the Shokurov’s
nonvanishing theorem ([16]). In this way we can dispose of R-divisors, if
the residual part is sufficiently small.
Then by Theorem 4.5 if we replace δ by min(δ, δ0), we see that there
exists a positive numbers t0 and ε such that
H0(X,OX (⌈A⌉+mL− [m ·
∑
νiZi]− [m
∑
j
djDj])) 6= 0
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holds, if
| 〈mdj〉 −mdj |< ε (j ∈ J)
and
{mνi} < δ (1 ≤ i ≤ r)
and m ≥ t0. This completes the proof of Theorem 4.4.
Q.E.D.
Remark 4.7 We note that in Theorem 4.5 for every flat line bundle F on
M and a positive integer m such that
m ≥ t0 and | 〈mdj〉 −mdj |< ε,
Hq(M,OM (⌈A⌉ − 〈mD〉+mL+ F )) = 0
holds for every q ≥ 1 by the assumption. And we note that the curvature
of the singular hermitian line bundle is stable under tensoring a flat line
bundle. Hence we see that Theorem 4.4 holds also for the nonvanishing of
H0(X,OX (⌈A⌉+mL+ FX)⊗ IX(hm)),
where FX is an arbitrary flat line bundle on X.
4.5 Volume of the stable fixed component
We call the set
SBs(KX) := ∩ℓ≥1SuppBs | mKX |
the stable base locus of KX .
Theorem 4.6 Let V be a divisorial component of SBs(KX). Then
µ(V,KX)(= µ(V, (KX , h))) = 0
holds (for the definition of µ(V,KX) see Definition 3.5).
Proof. Let V be a divisorial component of SBs(KX). Taking an embedded
resolution of V , we may assume that V is smooth. Suppose that µ(V,KX) >
0 holds.
Letm0 be a positive integer such that Φ|m0KX | gives a birational rational
map onto its image. By taking a suitablve modification, we may assume that
Bs | m0KX | is a divisor. Let
| m0KX |=| P | +F
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be the decomposition into the free part | P | and the fixed component F .
Let hP be a C
∞-hermitian metric on OX(P ) with semipositive curvature
defined by a pull back of the Fubini-Study metric on O(1) by Φ|P |. We set
r′V = multV Bs | m0KX | −m0ν(Θh, V )
and
rV =
{
r′V if r
′
V > 0
1 if r′V = 0
We note that if ν(Θh, V ) is 0, r
′
V ≥ 1 holds by the assumption.
By Kodaira’s lemma ([11, Appendix]) there exists an effective Q-divisor
E such that P − E is positive. Let hP,E be a C∞-hermitian metric on the
Q-line bundle OX(P − E) with strictly positive curvature. Then hP,E is
considered as a singular hermitian metric on m0KX as follows. Let a be a
positive integer such that aE is an integral divisor. Let σ be a global section
of OX(aE) with divisor aE. Then
hˆP,E :=
hP,E
| σ | 2a
is a singular hermitian metric on m0KX with strictly positive curvature. Let
ε be a sufficiently small positive number. For m > m0/rV , we set
hm,ε = h
1
rV
P · h
(m−m0
rV
−m0ε) · hˆεP,E .
Then hm,ε is a singular hermitian metric on mKX with strictly positive
curvature. By Nadel’s vanishing theorem (Theorem 2.1) we have that
H1(X,OX ((m+ 1)KX )⊗ I(hm,ε)) = 0
holds. Hence
H0(X,OX ((m+1)KX+V )⊗I(hm,ε))→ H0(V,OV ((m+1)KX+V )⊗I(hm,ε))
is surjective. Let G be any effective divisor on V . Since µ(V,KX) is positive,
H0(V,OV (mKX −G)⊗ I(hm)) 6= 0
holds for every sufficiently large m. Since G is an arbitrary effective divisor
on V , this implies that for any fixed effective divisor G′ on V ,
H0(V,OV (mKX −G′)⊗ I(hm,ε)) 6= 0
holds for every sufficiently large m. Hence we see that
H0(V,OV ((m+ 1)KX + V )⊗ I(hm,ε)) 6= 0
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holds for every sufficiently large m. We note that by the definition of hm,ε
on the generic point of V
OV ((m+ 1)KX + V )⊗ I(hm,ε)
is a subsheaf of
OV ((m+ 1)KX − [(m− 1) · ν(Θh, V )V ]),
if r′V > 0 and is a subsheaf of
OV ((m+ 1)KX − [((m− 1) · ν(Θh, V )− 1)V ]),
if r′V = 0.
If ν(Θh, V ) is positive, taking ε sufficiently small, we see that
multV Bs | (m+ 1)KX |< m · ν(Θh, V )
holds. This is the contradiciton. If ν(Θh, V ) is 0, then we see that
multV Bs | (m+ 1)KX |= 0
holds. This also contradicts the assumption that V is in SBs(KX). Q.E.D.
4.6 Fibration theorem
Using Theorem 4.1, we have the following theorem.
Theorem 4.7 Let X be a smooth projective variety of general type and let h
be an AZD of KX . Let F be a divisorial irreducible component of the stable
base locus of KX . Then (KX , h) defines a nontrivial numerically trivial fiber
space structure on F , i.e. there exists a unique (up to birational equivalence)
rational fibration
f : F − · · · →W
such that
1. for a very general fiber V , (KX , h) is numerically trivial on V , where
h is an AZD of KX ,
2. dimW is minimal among such fibrations and is less than dimF ,
3. for a very general point x on F and any irreducible horizontal curve
C ⊂ F containing x, (KX , h) · C > 0 holds.
Moreover if F is smooth, then f is regular over the generic point of W .
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Proof. By taking an embedded resolution, we may assume that F is smooth.
Let m0 be a positive integer such that Φ|m0KX | is a birational rational map
onto its image. Taking a suitable modification, if necessary, we may assume
that Bs | m0KX | is a divisor with normal crossings. Let
| m0KX |=| P | +
∑
i
aiDi
be the decomposition of | m0KX | into the free part | P | and the fixed
component
∑
i aiDi.
Taking a suitable modification, if necessary, there exists a divisor E =∑
j Ej and positive numbers {δi}, {δj} such that
P ∗ = P −
∑
i
δiDi −
∑
j
δjEj
is ample and
∑
i δiDi +
∑
j δjEj is a divisor with normal crossings. By
Kleiman’s criterion for ampleness we may assume that {δi}, {δj} are siffi-
cietnly small positive numbers. Let hP ∗ be a C
∞hermitian metric on the
R-line bundle O(P ∗) with strictly positive curvature.
Let h be an AZD of KX . If F is not contained in Bs | m0(KX , h) |
(cf. Definition 3.4), by Theorem 4.6, F is blown down by Φ|m0KX | and
this defines a numerically trivial fiber space sturcture of F . Hence (KX , h)
defines a nontrivial numerically trivial fiber space structure on F .
Next suppose that F is contained in Bs | m0(KX , h) |. By changing the
indices we may assume that F = D0 holds. We set
r = multFBs | m0KX | −m0 · ν(Θh, F ) > 0,
and
cF =
1 + ν(Θh, F )
r + δ0
+ δ,
where δ is a sufficiently small positive number. Then for b > cFm0 + 1
cF (P −
∑
i
δiDi −
∑
j
δjEj) + (b− cFm0 − 1)(KX −
∑
i
ν(Θh,Di)Di)
has a singular hermitian metric
hcFP ∗ · hb−cFm0−1
with strictly positive curvature. By Nadel’s vanishing theorem (Theorem
2.1), we have see that the homomorphism
H0(X,OX (KX + F + (b− 1)KX )⊗ I(hcFP ∗ · hb−cFm0−1))→
H0(F,OF (KF + (b− 1)KX )⊗ I(hcFP ∗ · hb−cFm0−1))
is surjective. By Theorem 4.1 and its proof, we see that one of the followings
holds.
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1. H0(F,OF (KF+(b−1)KX )⊗I(hcFP ∗ ·hb−cFm0−1)) 6= 0 holds for infinitely
many positive integers b.
2. there exists a nontrivial rational fiber space structure
f : F −→W
such that for a very general fiber V , (KX , h) is numerically trivial.
We note that we may not apply Theorem 4.1 directly, since h |F is
not well defined in general. But we shall modify the proof of Theorem 4.1
as follows.
Let us consider the case that F does not admit a nontrivial numerically
trivial fibration associated with (KX , h). Let x be a very general point on
F . Then adding one more strata, i.e. constructing the stratification
X ⊃ F ⊃ F1 ⊃ · · · ⊃ Fr+1 = {x},
starting from X (where the strata F is associated with hcFP ∗) as in the proof
of Theorem 4.1,we directly prove the nonvanishing
H0(X,OX (bKX + F )⊗ I(hcFP ∗ · hb−cFm0−1)) 6= 0
for every sufficiently large b. In this case we construct a singular hermitian
metric hx with strictly positive curvature on (b− 1)KX such that
1. Spec(OX(−[bν(Θh, F )]F )/I(hx)) has isolated support at x,
2. hx is of the form :
hx = h
(1−ε0)cF
P ∗ ·(
r−1∏
i=0
h
(αi−εi)
i )·hαr+εrr ·h
ε0−(
∑r−1
i=0
(αi−εi))−(αr+εr))
P ∗ ·hb−(cFm0+1)−
∑r
i=0
αiνi ,
where {νi} are sufficiently large positive integers, {hi} are singular her-
mitian metrics on {νiKX+P ∗} constructed as in the proof of Theorem
4.1, {αi}, αi > 0 are invariants defined as in the proof of Theorem 4.1
such that
δ <<
r∑
i=0
αi < ε0
holds. and εi(0 ≤ i ≤ r) are sufficiently small positive numbers.
As in the proof of Theorem 4.1, we may also need to consider the correction
term (e−δϕ in the proof of Theorem 4.1, but since we are constructing a
section of bKX with the desired properties, this is not essential). We note
that by the definition of cF
OX(bKX + F )⊗ I(hcFP ∗ · hb−cFm0−1)
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is a subsheaf of
OX(bKX + ⌈A⌉)⊗ I(hb),
where
A :=
∑
i 6=0
(−cF ri + ν(Θh,Di)− δi)Di.
Hence by Lemma 2.2, we see that
OX(bKX + F )⊗ I(hcFP ∗ · hb−cFm0−1)
is a subsheaf of OX(bKX) for every sufficiently large b and is isomorphic to
OF (bKX)⊗ I(hb) or OF (bKX + F )⊗ I(hb)
(in the latter case ν(Θh, F ) > 0 holds) on the generic point of F . By Nadel’s
vanishing theorem
H1(X,OX (KX + F + (b− 1)KX )⊗ I(hx)) = 0
holds, we see that for every sufficiently large b there exists a section
σ ∈ H0(X,OX (KX + F + (b− 1)KX )⊗ I(hcFP ∗ · hb−cFm0−1))
such that
multF (σ) = [b · ν(Θh, F )]
holds. By Theorem 3.4, we see that b · ν(Θh, F ) is an integer and by The-
orem 4.6, F is blown down by Φ|bKX | for some b. This contradicts he very
generic numerical positivity of (KX , h) on F . Hence this case cannot occur
and we see that (KX , h) defines a nontrivial numerically trivial fiber space
structure on F . The last statement follows from Theorem 4.2 and Remark
4.2. Q.E.D.
The following theorem follows from the proof of Theorem 4.6.
Theorem 4.8 Let X,F be as in Theorem 4.6. If for a positive integer b
multFBs | bKX |= b · ν(Θh, F )
holds. Then Φ|bKX | blows down F .
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5 Local base point freeness
The goal of this section is to prove the following proposition.
Proposition 5.1 Let X be a smooth projective variety of general type. Let
u : X˜ −→ X be an arbitrary composition of successive blowing ups with
smooth centers. Then for every prime divisor D on X˜, there exists a positive
integer m(D) depending on D such that
multDBs | m(D)u∗KX |= m(D) · ν(u∗Θh,D)
holds.
Proposition 5.1 and Theorem 4.6 imply that every irreducible stable fixed
component of KX is contracted by | mKX | for some m > 0.
5.1 Projective limit of projective varieties
In this section we deal with a projective limit of projective varieties. Usually
it is not easy to handle such spaces because the usual algebro-geometric
tools break down on such spaces. But in this paper, we only need such
spaces to state the results. The actual proofs are carried out on
usual algebraic varieties.
First we shall define usuful objects. Let
· · · →Mm fm→Mm−1 fm−1→ · · · f2→M1 f1→M0 :=M
be successive modifications of a projective varietyM such that everyMm(m ≥
0) is smooth. Then we consider the projecive limit
Mˆ := lim← Mm.
In general Mˆ is not a projective variety.
We define the topology on Mˆ as a minimal topology such that the natural
map Mˆ −→Mm is continuous for every m.
Let m0 be a nonnegative integer and let {Dm}∞m=m0 be a system of
divisors such that
1. Dm is a divisor on Xm,
2. Dm = (fm+1)∗Dm+1 holds for every m ≥ m0.
We note that m0 can be taken to be 0 by setting
Dm := (fm0,m)∗Dm0
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for every m ≤ m0, where
fm0,m :Mm0 −→Mm
be the composition of fm+1 ◦ · · · ◦ fm0 . In this case we may consider the
projective limit
Dˆ := lim← Dm
and call it a divisor on Mˆ . A prime divisor on Mˆ is a projective system
of divisor {Dm} such that every Dm is a prime divisor (we consider 0 is a
prime divisor).
Let D be a divisor of someMm. For ℓ ≥ m, let Dℓ be the strict transform
of D in Mℓ. Then we see that
gℓ,∗Dℓ = Dℓ−1
holds for every ℓ > m. Hence {Dℓ}ℓ≥m defines a divisor Dˆ in Mˆ . We call Dˆ
the strict transform of D in Mˆ . We note that every strict transform of a
prime divisor on some Mm is always a prime divisor on Mˆ .
A sheaf Fˆ on Mˆ is a system of sheaves {Fm}m≥0 such that
(fm+1)∗Fm+1 = Fm
holds for every m ≥ 0. In particular we can define the structure sheaf OMˆ
is defined as
OMˆ := lim← OMm .
Let h be a singular hermitian metric on a line bundle L on M such that
Θh is bounded from below by a C
∞-form on M .
Let
gm :Mm −→M
be the natural morphism. Then we see that
OMm(KMm)⊗ I(g∗mh) = (fm+1)∗(OMm+1(KMm+1)⊗ I(g∗m+1h))
holds for every m ≥ 0 by the definition of multiplier ideal sheaves. Hence
we may define
OMˆ (KMˆ )⊗ I(gˆ∗h)
as the projective limit
lim← OMm(KMm)⊗ I(g
∗
mh),
where
gˆ : Mˆ −→M
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is the natural morphism, i.e, the projective limit
gˆ := lim← gm.
We note that I(gˆ∗h) is not a well defined sheaf on Mˆ . In this paper we
always consider OMˆ (KMˆ )⊗ I(gˆ∗h) instead of I(gˆ∗h). We call OMˆ (KMˆ ) ⊗
I(gˆ∗h) themultiplier canonical sheaf of πˆ∗(L, h) on Mˆ . Also for a prime
divisor Dˆ = lim←Dm on Mˆ , we define the Lelong number ν(πˆ∗Θh, Dˆ) by
ν(gˆ∗Θh, Dˆ) = ν(g∗ℓ0Θh,Dℓ0),
where ℓ0 is a sufficiently large positive integer.
5.2 Formal canonical model
For m ≥ 1 let
πm : Xm −→ X
be a resolution of Bs | m!KX | (we set X0 = X). We may assume
1. for m ≥ 2 there exists a morphism
φm : Xm −→ Xm−1
such that
πm = φm ◦ πm−1
holds,
2. φm is a sequence of blowing ups with smooth centers contained in the
indeterminancy locus of the rational map Φπ∗
m−1|m!KX |.
3. the exceptional divisor of πm is a divisor with normal crossings,
4. π∗m(OX(m!KX)⊗ I(hm!)) is locally free on Xm
Let F (m) denote the exceptional divisor of πm. Let us consider the projective
limit:
Xˆ = lim← Xm.
Xˆ is not a projective variety and depends on the choice of {πm}
(but we note that we are not considering all such choices at the
same time). Let
πˆ : Xˆ −→ X
be the natural morphism. We decompose φm+1 as a sequence of blowing
ups:
Xm+1
p
ℓ(m)
m→ · · · p
ℓ+2
m→ Xℓ+1m p
ℓ+1
m→ Xℓm
pℓm→ Xℓ−1m p
ℓ−1
m→ · · · p
1
m→ Xm
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with smooth centers. Let SE(KX) be the subset of X − SBs(KX) defined
by
SE(KX) := {x ∈ X−SBs(KX) | Φ|m!KX | is not local isomorphism onto its image
on a neighbourhood of x for every m ≥ 1}.
We call SE(KX) the stable exceptional locus of KX . SE(KX) is a divisor
in X − SBs(KX). Let Fˆ be the inverse image of SBs(KX)∪ SE(KX). Then
we may and do assume that Fˆ is a divisor on Xˆ . Let
Fˆ =
∑
Fˆα
be the irreducible decomposition of Fˆ . For each Fˆα, there exists a rational
fibration
fα : Fˆα − · · · → Wˆα
constructed as in Theorem 4.7 or the contraction morphism on SE(KX)
induced by Φ|m!KX | for every suffficiently large m. We may assume that
every fα is a morphism. In fact we construct {φm+1 | φm+1 : Xm+1 −→
Xm,m = 0, 1, 2, . . .} as follows. Let
F (m) =
∑
α∈Im
F (m)α
be the irreducible decomposition of F (m). Let
f (m)α : F
(m)
α −→W (m)α
be the fibration constructed as in Theorem 4.7. By taking a composition of
successive blowing ups
wm : X˜m −→ Xm
with smooth centers, we may assume that for the strict transform Fˆ
(m)
α of
F
(m)
α in Xm, the induced rational map
fˆ (m)α : Fˆ
(m)
α − · · · →W (m)α
is actually a morphism for every α ∈ Im. We shall take
φm+1 : Xm+1 −→ Xm
so that it factors through wm. Inductively we repeat the above procedure
for all m ≥ 1. Then πˆ : Xˆ −→ X has the desired property.
We consider the equivalence relation ∼ generated by {fα}, i.e. we iden-
tify all the points on a fiber of every fα. We set the quotient space
Xˆcan = Xˆ/ ∼
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and call it the formal canonical model of X. It is easy to see that Xˆcan
does not depend on the choice of {πm}. Let
̟ : Xˆ −→ Xˆcan
be the natural map. The reason why we introduce Xˆcan is that one may
consider (KX , h) is numerically positive on Xˆcan as we will see in
the next subsection.
5.3 Concentration method on the formal canonical model
We shall prove Proposition 5.1 in this subsection. The proof is similar to that
of Theorem 4.1. The only difference is that we construct the stratification
as in Section 5 on the formal canonical model Xˆcan. But since we have not
proved Xˆcan is a (projective) variety, we cannot construct the stratification
directly on Xˆcan. Hence we use the fiber space structure on the stable
fixed components. Also we use (KX , h) (h is the AZD of KX as before) as
canonical divisor of Xˆcan.
Let X and X˜ be as in Proposition 5.1. It is sufficient to prove the case
that X˜ = X holds. Let n be the dimension of X. Let D be a prime divisor
on X. Let h be the analytic Zariski decomposition of KX as before. Let
fD : D − · · · →W
be the rational fibration constructed as in Theorem 4.7. By successive blow-
ing ups with smooth centers, we may assume that fD is a morphism. Let x
be a very general point on D, i.e. x is outside of a union of at most countably
many proper subvarieties of D . If we take x very general we may assume
that πˆ−1(x) ∈ Xˆ is a point. We set
xcan = ̟(πˆ
−1(x))
and
xˆ = ̟−1(xcan).
Then xˆ is a union of at most countably many of subvarieties in Xˆ. We set
µ0 = µ(X,KX ).
We note that I(hm) is locally free at x for every m, if we take x ∈ D very
general. Then since
dimH0(X,OX (mKX)⊗ I(hm)) = µ0
n!
mn + o(mn)
holds, we see that for every ε > 0,
H0(X,OX (mKX)⊗ I(hm)⊗M⌈(1−ε)
n
√
µ0m ⌉
x ) 6= 0
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holds for every sufficiently large m. Let m0 be a sufficiently large positive
integer and let
σ0 ∈ H0(X,OX (m0KX)⊗ I(hm0)⊗M⌈(1−ε)
n
√
µ0m0⌉
x )
be a general nonzero element. We define the singular hermitian metric h0
on KX by
h0 :=
1
| σ0 |
2
m0
.
We set
α0 = inf{α > 0 | xˆ ∩ {y ∈ Xˆ | (OXˆ(KXˆ)⊗ I(πˆ∗(hα0hβ)))y ⊆
OXˆ(KXˆ)⊗I(πˆ∗hα+β+1)y⊗My} 6= ∅ holds for every β > 0}.
α0 is clearly finite. To considerOXˆ(KXˆ)⊗I(πˆ∗hα+β+1) instead ofOXˆ(KXˆ)⊗
I(πˆ∗hα+β) reflects that we are using πˆ∗(KX , h) instead of πˆ∗KX . Since h0
has algebraic singularities as a singular hermitian metric of KX , there exists
a modification
p0 : Y0 −→ X
such that the current (α0p
∗
0Θh0)sing(= α0p
∗
0Θh0) is a divisor with normal
crossings B =
∑
biBi. Then if we define the numbers {ci} by
KY0 − p∗0KX −B =
∑
i
ciBi,
min{ν(p∗0Θh, Bi) + ci | xˆ ∩ Bˆi 6= ∅} = −1
holds, where we have assumed that πˆ factors through p0 (this is clearly
possible) and Bˆi denotes the strict transform of Bi in Xˆ . We note that if
we replace p0 by another p
′
0 which factors through p0, then by Corollary 2.1
the prime divisors which attain the above minimum are exactly the strict
transforms of the ones associated with p0.
By the above assumption there exists a morphism
q0 : Xˆ −→ Y0.
Since p∗0KX is big, by Kodaira’s lemma, there exists an effective Q-divisor
E0 on Y0 such that p
∗
0KX −E0 is ample. Let hE0 be a C∞-hermitian metric
on p∗0KX − E0 (this is a Q-divisor on Y0, but the hermitian metric is well
defined) with strictly positive curvature. We may and do consider hE0 a
singular hermitian metric on p∗0KX . If we perturb h0 as
h0 := (
1
| σ0 |
2
m0
)1−δ0 · hδ0E0 ,
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where δ0 is a sufficiently small positive number, perturbing also E0, if neces-
sary, we may assume that there exists a unique irreducible divisor D1 = Bi0
which belongs to {Bi | xˆ ∩ Bˆi 6= ∅} such that
ν(p∗0Θh,D1) + ci0 = −1
holds. We set
Z1 := ̟(Dˆ1),
where Dˆ1 is the strict transform of D1 in Xˆ . We define the nonnegative
integer n1 by
n1 := dim̟(Dˆ1).
We note that n1 is nothing but the dimension of the base space of the
numerically trivial fiber space structure on D1 associated with p
∗
0(KX , h).
If n1 is 0, then p
∗
0(KX , h) is numerically trivial on D1 (cf. Section 3.6 and
Lemma 4.1, also [22, Theorem 4.1]). In this case we stop this process.
Suppose that n1 > 0 holds. We set
A1 := r1(p
∗
0KX − E0) |D1 ,
where r1 is a sufficiently large positive integer such that r1(p
∗
0KX − E0) is
Cartier. We set
µ1 := (n−1)!·limm→∞m−(n−1) dimH0(D1,OD1(m(A1+p∗0(ℓ1KX))⊗I(p∗0hℓ1m)),
where ℓ1 is a sufficiently large positive integer which will be specified later.
Let y1 ∈ D1 ∩ q0(̟−1(xcan)) be a point. And we set x1 = p0(y1) ∈ X1.
Then as before
H0(D1,OD1(m(A1 + p∗0(ℓ1KX))) ⊗ I(p∗0hm)⊗M⌈(1−ε)
n−1
√
µ1m⌉
y1 ) 6= 0
holds for every sufficiently large m. Let m1 >> r1 be a sufficiently large
positive integer and let
σ′1 ∈ H0(D1,OD1(m1(A1 + p∗0(ℓ1KX))⊗ I(p∗0hℓ1m1)⊗M⌈(1−ε)
n−1
√
µ1m1⌉
y1 )
be a general nonzero element. We note that since D1 is smooth,
OD1(p∗0(m1ℓ1KX))⊗ I(p∗0hm1ℓ1)
is torsion free, since it is a subsheaf of a locally free sheaf on a smooth
variety. Then as in Lemma 4.4, we see that the restriction map
H0(Y0,OY0(m(A1 + p∗0(ℓ1KX))) ⊗ I(p∗0hmℓ1))→
H0(D1,OD1(m(A1 + p∗0(ℓ1KX))) ⊗ I(p∗0hmℓ1))
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is surjective for every m > 0, if we take r1 sufficiently large. Then σ
′
1 extends
to an element σ1 of
H0(Y0,OY0(m1(A1 + p∗0(ℓ1KX)))⊗ I(p∗0hℓ1m1)).
We define the singular hermitian metric h1 of (r1 + ℓ1)KX by
h1 =
1
| σ1 |
2
m1
(Originally h1 is considered to be a singular hermitian metric on p
∗
0(r1 +
ℓ1)KX , but one may consider h1 as a singular hermitian metric on (r1 +
ℓ1)KX). Let ε0 be a sufficiently small positive number. We define the
positive number α1 by
α1 := inf{α | xˆ ∩ {y ∈ Xˆ | (OXˆ(KXˆ)⊗ I(πˆ∗(hα0−ε00 · hα1 · hβ)))y ⊆
OX(KXˆ)⊗I(πˆ∗hα0−ε0+α+β+1)y⊗My} 6= ∅ holds for every β > 0}}.
Then as in Section 5 we have the estimate :
α1 ≤ n− 1
n1
√
µ1
+O(ε0).
Taking ℓ1 to be sufficiently large, we may assume that
µ1 >> (
(n − 1)r1 ·multD1E0
ε0
)n−1
holds.
We take a modification
f1 : Y1 −→ Y0
such that the singular part of f∗1p∗0((α0− ε0)Θh0 +α1Θh1)) is a divisor with
normal crossings in Y1. We may assume that πˆ : Xˆ −→ X factors through
p1 := f1 ◦ p0. Then by the procedure as before, we define a divisor D2 as
before in Y1 and the subset Z2 in Xˆcan by
Z2 = ̟(Dˆ2),
where Dˆ2 is the strict transform of D2 in Xˆ. We note that since we have
taken ℓ1 so that
µ1 >> (
(n − 1)r1 ·multD1E0
ε0
)n−1
holds, by the estimate of α1, we have that
α1r1 ·multD1E0 << ε0
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holds. Hence the singularity of hα11 coming from A1 = r1(p
∗
0KX − E0)
(roughly speaking the singularity is equal to α1r1E0) is enough small so that
Z2 is a proper subset of Z1. Inductively we define a sequence of modifications
X ← Y0 ← Y1 ← · · · ← Yr,
irreducible smooth divisors
Di ⊂ Yi−1(i = 1, . . . , r + 1),
points
yi ∈ Di ∩ qi−1(̟−1(xcan)) (i = 1, . . . , r),
where
qi : Xˆ −→ Yi
are the natural morphisms, singular hermitian metrics
h0, . . . , hr,
small positive numbers
ε0, . . . , εr−1,
positive integers
ℓ1, . . . , ℓr,
positive numbers
α0, . . . , αr,
and nonnegative integers
n1, . . . , nr+1,
positive numbers
µ0, . . . µr+1
and strictly decreasing sequence of irreducible subsets
Z1 ⊃ Z2 ⊃ · · · ⊃ Zr+1
in Xˆcan. By the construction of this process we see that nr+1 = 0 holds.
This means that
Zr+1 = xcan
holds. We define the singular hermitian metric hx on
(
∑r−1
i=1 (αi − εi) + (αr + εr))KX by
hx := h
α0−ε0
0 · hα1−ε11 · · · hαr+εrr ,
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where εr is a sufficiently small positive number. We set for every positive
number β >
∑r
i=0 αi(ri + ℓi) (where we have set ℓ0 := 1 and r0 := 0),
hx(β) = h
β−
∑r−1
i=1
(αi−εi)−(αr+εr) · hx.
We see that p∗r(KX , h) is numerically trivial on Dr+1. Hence Dˆr+1 is con-
tained in xˆ, where Dˆr+1 is the strict transform of Dr+1 in Xˆ .
Let pi : Yi −→ X(i = 0, . . . , r) be the natural morphisms.
Lemma 5.1
H0(Yr,OYr(KYr +mp∗rKX +Dr+1)⊗ I(p∗rhx(m)))→
H0(Dr+1,ODr+1(KDr+1 +mp∗rKX)⊗ I(p∗rhx(m)))
is surjective for every positive integer m ≥∑r−1i=1 (αi − εi)− (αr + εr).
Proof. The assertion follows from Theorem 2.1, since
0→ OYr(KYr+mp∗rKX)⊗I(p∗rhx(m))→ OYr(KYr+mp∗rKX+Dr+1)⊗I(p∗rhx(m))→
ODr+1(KDr+1 +mp∗rKX)⊗ I(p∗rhx(m))→ 0
is exact. Q.E.D.
5.4 Finding divisors on Dr+1
On Dr+1, p
∗
r(KX , h) is numerically trivial. By Theorem 4.3 and Corollary
4.2 we see that
S := {x ∈ Dr+1 | νDr+1(p∗rΘh, x) > 0}
consists of at most countably many prime divisors on Dr+1. Let
S =
∑
j∈J
Ej
be the irredcucible decomposition of S. We set
ej := νDr+1(p
∗
rΘh, Ej) (j ∈ J).
By Theorem 4.3 and Corollary 4.2 we have the following lemma.
Lemma 5.2
(p∗rKX − ν(p∗rΘh,Dr+1)Dr+1) |Dr+1 −
∑
j∈J
ejEj
is numerically trivial on Dr+1.
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5.5 Completion of the proof of Proposition 5.1.
Let
2π(p∗rΘhx)sing =
∑
i∈I
riFi
be the decomposition into irreducible component of the singular part of
the current 2πp∗rΘhx. We may assume that
∑
i Fi is a divisor with normal
crossings. Changing the indices if necessary, we may assume that F0 = Dr+1.
We define the R-divisor A′r on Yr by
A′r := KYr + β · p∗rKX −
∑
i∈I
riFi + F0,
where β is the positive number defined by
β :=
r−1∑
k=0
(αk − εk) + (αr + εr).
We set
νi := ν(p
∗
rΘh, Fi) (i ∈ I)
and
KYr = p
∗
rKX +
∑
i∈I
aiFi.
Then by the definition of hx we see that
min
i∈I
(−ri + ai + νi) == −r0 + a0 + ν0 = −1
and
min
i 6=0
(−ri + ai + νi) > −1
hold. If we set
θi := −ri + ai + νi
for every i ∈ I, it is easy to verify that A′r is numerically equivalent to the
R-divisor Ar defined by
Ar = (β + 1)(p
∗
rKX −
∑
i
νiFi) +
∑
i 6=0
θiFi.
We note that since θi > −1 for every i 6= 0, we see that ⌈∑i 6=0 θiFi⌉ is
effective. Since p∗rΘhx is strictly positive on Yr, we see that
Ar |F0 −KF0
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is ample. We note that by Lemma 5.2
(p∗rKX − ν0F0) |F0 −
∑
j∈J
ejEj
is numerically trivial on F0(= Dr+1). Let J0 be the subset of the indices J
such that ∑
i 6=0
Fi |F0=
∑
j∈J0
Ej
We set
E∗ :=
∑
j∈J−J0
ejEj.
Then E∗ defines a point on the closure of the cone of the effective R-divisors
on F0 in H
2(F0,R). Let H0 be a smooth very ample divisor on F0 such that∑
i 6=0
Fi |F0 +H0
is a divisor with normal crossings. Let ǫ be a sufficiently small positive
number such that
Ar |F0 −KF0 − ǫH0
is ample. Since
ǫH +E∗
is numerically equivalent to an effective R-divisor in H2(F0,R), taking a
suitable modification, if necessary, we may assume that Ar |F0 is numeri-
cally equivalent to an R-divisor Br with normal crossings such that ⌈Br⌉ is
effective.
We note that
OYr (KYr+m·p∗rKX)⊗I(p∗rhx(m)) ≃ OYr (⌈Ar⌉+(m−β)p∗rKX)⊗I(h⌈Ar⌉·p∗rhm−β)
holds for everym ≥ β, where the singular hermitian metric h⌈Ar⌉ onOYr(⌈Ar⌉)
is defined as the singular hermitian metric h⌈A⌉ in Theorem 4.4. We note
that there exists a positive number ε0 such that if {m · ν(p∗rΘh,Dr+1)} ≤ ǫ0
holds,
ODr+1(⌈Ar⌉+ (m− β)p∗rKX)⊗ I(| τr+1 |2{m·ν(p
∗
rΘh,Dr+1)} ·h⌈Br⌉ · hm−β) ⊆
ODr+1(⌈Ar⌉+ (m− β)p∗rKX)⊗ I(h⌈Ar⌉ · p∗rhm−β)
holds by the perturbation of Ar as in the proof of Theorem 4.4, where τr+1
is a global section of OYr(Dr+1) with divisor Dr+1 and h⌈Br⌉ is the singular
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hermitian metric on ODr+1(⌈Br⌉) defined as the singular hermitian metric
h⌈A⌉ in Theorem 4.4. We also note that
ODr+1(⌈Ar⌉+(m−β)p∗rKX)⊗I(h⌈Ar⌉·p∗rhm−β) ≃ ODr+1(KDr+1+mp∗rKX)⊗I(p∗rhx(m))
holds by the definition of Ar. Now we apply Theorem 4.4 and Remark 4.7
to our situation by setting X = Dr+1, A = Br and L = p
∗
r(KX , h). Then
we have the following lemma.
Lemma 5.3 For some m >
∑r
i=0 αi(ri + ℓi),
H0(Dr+1,ODr+1(KDr+1 +mp∗rKX)⊗ I(p∗rhx(m))) 6= 0
holds.
By Lemma 5.1 and Lemma 5.3, there exists a positive integer m(Dr+1) such
that
multDr+1Bs | p∗r(m(Dr+1)KX) |= m(Dr+1) · ν(p∗rΘh,Dr+1)
holds. Let
Fˆ =
∑
α
Fˆα
be the inverse image of πˆ−1(SBs(KX)) as in Section 5.2. And let
ϕm : Xˆ −→ Xm
be the natural map. We note that since πˆ∗(KX , h) is numerically trivial
on xˆ, the divisor
πˆ∗KX −
∑
α
ν(πˆ∗Θh, Fˆα)Fˆα
is numerically trivial on xˆ, i.e., for every m ≥ 0, π∗m(KX , h) is numerically
trivial on every irreducible component of ϕm(xˆ). By Theorem 3.4, we see
that for any positive integer ℓ and any σ ∈ Γ(X,OX (ℓKX)),
multFˆα πˆ
∗(σ) = multFα,mπ
∗
m(σ) ≥ ⌈ℓ · ν(π∗mΘh, Fα,m)⌉ = ⌈ℓ · ν(πˆ∗Θh, Fˆα)⌉
hold, where m is a sufficiently large positive integer depending on α and
Fα,m is the prime divisor whose strict transform in Xˆ is Fˆα.
Let
∑
j∈J ejEj be the divisor on Dr+1 as in Lemma 5.2. Then the above
formula implies that for every j ∈ J , m(Dr+1)ej is an integer. Hence J is a
finite set and
m(Dr+1)(p
∗
rKX |Dr+1 −
∑
j∈J
ejEj)
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is a Cartier divisor on Dr+1 and is linearly equivalent to 0. Let us consider
Xm(Dr+1) and let D
∗
r+1 be the divisor on Xm(Dr+1) defined by
D∗r+1 := (ϕm(Dr+1))∗Dˆr+1,
where Dˆr+1 is the strict transform of Dr+1 in Xˆ . Sincem(Dr+1)(p
∗
rKX |Dr+1
−∑j∈J ejEj) is linearly equivalent to 0, we see that
Bs | π∗m(Dr+1)m(Dr+1)(KX , h) | ∩D∗r+1 = ∅
holds. Hence for any subvariety V on Xm(Dr+1) such that D
∗
r+1 ∩ V 6= ∅,
multV | π∗m(Dr+1)(m(Dr+1KX) |= m(Dr+1) · ν(π∗m(Dr+1)Θh, V )
holds. Let us define the analytic subset Vm(Dr+1) in Xm(Dr+1) by
Vm(Dr+1) := ϕm(Dr+1)(xˆ).
Then Vm(Dr+1) is connected and contains D
∗
r+1.
Lemma 5.4 π∗m(Dr+1)(KX , h) is numerically trivial on Vm(Dr+1).
Proof of Lemma 5.4. Suppose the contrary. Then ϕ∗m(Dr+1)(π
∗
m(Dr+1)
(KX , h)) |xˆ
is not numerically trivial.
On the other hand by the definition πˆ∗(KX , h) is numerically trivial on
xˆ, i.e., for every m ≥ 0, π∗m(KX , h) is numerically trivial on every irreducible
component of ϕm(xˆ).
This is the contradiction. Q.E.D.
By Lemma 5.4, we see that
Bs | π∗m(Dr+1)(KX , h) | ∩Vm(Dr+1) = ∅
holds. Thus we see that
[m(Dr+1)(πˆ
∗KX−
∑
α
ν(πˆ∗Θh, Fˆα)Fˆα)] |xˆ= ⌈m(Dr+1)(πˆ∗KX−
∑
α
ν(πˆ∗Θh, Fˆα)Fˆα)⌉ |xˆ
and
Bs | πˆ∗(m(Dr+1)(KX , h)) | ∩ xˆ = ∅
hold. Hence the base point freeness propagates through xˆ (in par-
ticular we may take Xˆ so that xˆ consists of finitely many irreducible com-
ponents). Since x is a very general point on D, we see that there exists a
positive integer m(D) such that
multDBs | m(D)KX |= m(D) · ν(Θh,D)
holds. This completes the proof of Proposition 5.1. Q.E.D.
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6 Completion of the proof of Theorem 1.1
We complete the proof of Theorem 1.1 by using a topological consideration.
We use the same notations and conventions as in Section 5.
Definition 6.1 Let X be a smooth projective variety of dimension n and
let L be a big line bundle on X. Let R = ⊕m≥0Rm be a subring of R(X,L)
such that
lim
m→∞m
−n dimRm > 0.
For every subvariety V in X, we set
ν(R,V ) := lim
m→∞
1
m
multV Bs | Rm |,
where Bs | Rm | is the base scheme as a linear subsystem of | mL |. Suppose
that for every modification
f : Y −→ X
and every prime divisor D on Y , there exists a positive integermD depending
on D such that
ν(f∗R,D) =
1
mD
multDBs | mDf∗RmD |
holds.
In this case we call that R is virtually base point free on X.
Proposition 5.1 implies that the canonical ring R(X,KX ) of smooth projec-
tive variety of general type X is virtually base point free.
Let X be a smooth projective variety of general type and let n denote the
dimension of X. By the virtual base point freeness of R(X,KX ), we see that
Xˆcan is a complex space (possibly noncompact). In fact by the construction
and Proposition 5.1, for every compact subset G of Xˆcan, there exists a
positive integer m(G) depending on G such that m(G)KXˆcan is Cartier on
G and | m(G)KXˆcan | is base point free on every compact subset of Xˆcan and
is numerically positive on Wˆ∩G in the obvious sense. This implies that Xˆcan
is a complex space. Also it is easy to see that Xˆcan is normal by showing that
Xˆcan is isomorphic to the normalization. Moreover since by the construction
of Xˆcan and the virtual base point freeness, ⊕m≥0OXˆcan(mKXˆcan) is a finitely
generated ring over OXˆcan on G, Xˆcan has only canonical singularities.
Let Wˆ be the subspace of Xˆcan defined by
Wˆ := ˆ̟ (Fˆ ).
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Then by Theorem 4.6 codim Wˆ ≥ 2 holds. We only need to consider the
case : dimX ≥ 3. Now we consider the exact sequence :
H2(Xˆcan,Z)→ H2(Wˆ ,Z)→ H3(Xˆcan, Wˆ ,Z).
We note that since codim Wˆ ≥ 2, i.e., ˆ̟ contracts all the irreducible com-
ponents of Fˆ in Xˆ , dimH2(Xˆcan,C) is finite. Hence we see that
rankH3(Xˆcan, Wˆ ,Z) =∞
holds, if
rank dimH2(Wˆ ,Z) =∞
holds. We note that
H3(Xˆcan, Wˆ ,Z) ≃ H3(X,S,Z)
holds, where S denotes the union of the stable base locus SBs(KX) and the
stable exceptional locus SE(KX). This means that H
3(Xˆcan, Wˆ ,C) is an
finitely generated abelian group. This implies that
rankH2(Wˆ ,Z) <∞
holds (in the case of dimX = 3, this immediately implies that Wˆ consists of
finitely many irreducible components). By the universal coefficients theorem
we see that
0→ Ext(H1(Xˆcan,Z),Z)→ H2(Xˆcan,Z)→ Hom(H2(Xˆcan,Z),Z)→ 0
is exact. Since H1(Xˆcan,Z) is finitely generated (because codimWˆ ≥ 2
holds), we see that the torsion part of H2(Xˆcan,Z) is finite.
Since H2(Xˆcan,Z) is finitely generated and rankH
2(Wˆ ,Z) is finite, con-
sidering the maps:
H2(Xˆcan,Z)→ Hom(H2(Xˆcan,Z),Z)→ Hom(H2(Wˆ ,Z),Z),
we see that the images of some positive multiple of c1(KXˆcan) ∈ H2(Xˆcan,R)
under the maps :
H2(Xˆcan,R)→ Hom(H2(Wˆ ,R),R),
and
H2(Xˆcan,R)→ Hom(H2(Xˆcan,R),R),
are the images of elements of Hom(H2(Wˆ ,Z),Z) and Hom(H2(Xˆcan,Z),Z)
respectively. This implies that some positive multiple of c1(KXˆcan) ∈ H2(Xˆcan,R)
is integral (i.e. it is in the image of the natural morsphim H2(Xˆcan,Z) →
H2(Xˆcan,R)) in H
2(Xˆcan,R). Hence some positive multiple of KXˆcan is a
line bundle on Xˆcan.
Let r be a positive integer such that rKXˆcan is a line bundle.
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Definition 6.2 Let X be a normal complex space. We define the L2-dualizing
sheaf K
(2)
X by
K
(2)
X (U) = {η ∈ Γ(U,OX(KX)) | η ∧ η¯ ∈ L1loc(U)}.
The following lemma is clear by the definition of canonical singularities.
Lemma 6.1 Let X be a normal complex space with only canonical singular-
ities. Then the canonical sheaf KX := i∗KXreg of X is isomorphic to K
(2)
X ,
where i : Xreg −→ X is the canonical injection.
Lemma 6.2 Let Z be a closed n-dimensional subvariety of the unit open
polydisk ∆N with only canonical singularities and let ϕ be a plusisubhar-
monic function on Z × ∆, where ∆ is an open unit disk in C. Let D
be a Q-Cartier divisor on Z such that KZ + D is Cartier. Let hD be a
C∞-hermitian metric on the Q-line bundle OZ(D). Let t be the standard
coordinate on ∆. Let p1 : Z × ∆ −→ Z be the first projection. Then
there exists a positive constant CZ depending only on Z such that for every
f ∈ Γ(Z,OZ(KZ +D)) such that
(
√−1)n(n−1)2
∫
Z
e−ϕ · hD · f ∧ f¯ <∞
there exists a holomorphic section F ∈ Γ(Z ×∆,OZ×∆(KZ×∆+ p∗1D)) such
that
1. F |Z= dt ∧ f ,
2. (
√−1)n(n+1)2 ∫Z×∆ e−ϕ ·hD ·F ∧ F¯ ≤ CZ(√−1)n(n−1)2 ∫Z e−ϕ ·hD · f ∧ f¯
This lemma is an immediate consequence of the L2-extension theorem ([15,
p. 200, Theorem]). Since Xˆcan − Wˆ is biholomorphic to X − S, it admits
a complete Ka¨hler metric. Hence we can apply L2-estimates for ∂¯-operator
on Xˆcan − Wˆ .
We note that for every compact positive dimensional subvariety V in
Xˆcan, (rKXˆcan)
dimV · V := µ(V, rKXˆcan) ≥ 1. Let m0 be a positive integer
such that SuppBs | m0rKXˆcan |⊆ Wˆ holds. Such m0 exists by Proposition
5.1. Let τ0 . . . , τN be a basis of Γ(Xˆcan,OXˆcan(m0rKXˆcan). We define the
singular hermitian metric on rKXˆcan by
h0 :=
1
(
∑N
i=0 | τi |2)1/m0
.
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Let x0 be an arbitrary point in SuppBs | m0rKXˆcan |. Then by Lemma 6.2,
we see that for a local generator σ of rKXˆcan on a neighbourhood U of x0,
for every α ≥ m0n the singular volume form
hα0 | σ |2α+
2
r
is not locally integrable on U ∩(Xˆcan−Wˆ ). In fact let x(t)(t ∈ ∆) be a local
holomorphic curve on Xˆcan such that x(0) = x0 and x(t) ∈ Xˆcan − Wˆ (t ∈
∆∗).Then the limit limt→0 n · x(t) in the Douady space of Xˆcan is contained
in n · x(0). Hence by Lemma 6.2, the assertion follows.
By Lemma 6.1 and Lemma 6.2 instead of Lemma 4.6, using the parallel
argument as in [1] or Section 4 we conclude that | m(rKXˆcan) | is free at x0
for every m ≥ m0n+ n(n− 1)/2 + 2 (we note that every strata constructed
as in Section 4 except Xˆcan is contained in Wˆ , hence it is compact). Since
m0 is independent of the choice of x0, we see that | m(rKXˆcan) | is free on
Xˆcan for every m ≥ m0(n(n+1)/2+2). Since KXˆcan is numerically positive,
we see that Wˆ consists of finitely many irreducible components and Xˆcan
is a projective variety (with only canonical singularities). This implies that
Xˆcan is the canonical model of X. Hence R(X,KX ) is finitely generated.
This completes the proof of Theorem 1.1.
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